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Abstract. The difference between the quadratic L-groups L,(A) and the sym- 
metric L-groups L* (A) of a ring with involution A is detected by generalized Arf 
invariants. The special case A = Z[x] gives a complete set of invariants for the 
Cappell UNil-groups UNiU (Z; Z, Z) for the infinite dihedral group Doc = Z2 * Z2 , 
extending the results of Connolly and Ranicki 1101 . Connolly and Davis ISl . 



Contents 

llntroductioij 2 

11. The O- and L-group^ 11 

11.1. Dualitl 11 

11.2. The Hvpcrauadratic O-GroupsI 15 

11.3. The Symmetric Q-Groupsl 19 

11.4. The Quadratic O-Groupj 23 

11.5. £-groiI^ 27 

12. Chain Bmidle TheoTl 30 

12.1. Chain Bundled 30 

12.2. The Twisted Quadratic O-Groupsl 32 

12.3. The Algebraic Normal Invariant! 36 

12.4. The Relative Twisted Quadratic O-groupj 42 

12.5. The Computation of OJC(X).-y(X]]\ 47 

12.6. The Universal Chain Bundld 52 

13. The Generalized Arf Invariant for Formd 56 
I3.I. Forms and Formations! 57 
!3.2. The Generalized Arf Invariand 61 
!4. The Generalized Arf Invariant for Linking Forms! 65 
!4.1. Linking Forms and Formations! 65 
!4.2. The Linking Arf Invariant! 72 



1991 Mathematics Subject Classification. 57R67, 10C05, 19J25. 

Key words and phrases. Arf invariant, L-theory, Q-groups, UNil-groups. 

The first author was in part supported by the European Union TMR network project on "K- 
theory, linear algebraic groups and related structures." 



1 



2 



MARKUS BANAGL AND ANDREW RANICKI 



l5. Application to UNill 74 

15.1. Background! 74 

15.2. The Computation of OJ^-^M. for 1-evcn A 77 
iReferencel 89 



Introduction 

The invariant of Arf 1 is a basic ingredient in the isomorphism classification of 
quadratic forms over a field of characteristic 2. The algebraic L-groups of a ring 
with involution A are Witt groups of quadratic structures on ^-modules and A- 
module chain complexes, or equivalently the cobordism groups of algebraic Poincare 
complexes over A. The cobordism formulation of algebraic L-theory is used here to 
obtain generalized Arf invariants detecting the difference between the quadratic and 
symmetric L-groups of an arbitrary ring with involution A, with applications to the 
computation of the CappcU UNil- groups. 

The (projective) quadratic L-groups of Wall |19j are 4-periodic groups 

Ln{A) = Ln+i{A) . 

The 2fc-dimensional L-group L2k{A^) is the Witt group of nonsingular (—1) '^-quadratic 
forms {K, ip) over A, where if is a f.g. projective >l-module and ip is an equivalence 
class of A-module morphisms 

■P : K K* = llomA{K,A) 

such that ip+ {—l)'^tp* : K K* is an isomorphism, with -0 ^ tp + X+ for 
X € Hom^(if, K*). A lagrangian L for (K, ip) is a direct summand L C K such that 

L-L = L, where L-^ = {xeK\{^P + {-!)'' 'tP*){x){y) = for all y e L} , 

i}ix){x) e{a+ (-l)'=+ia I a e A} for aU X e L . 
A form (K, tp) admits a lagrangian L if and only if it is isomorphic to the hyperbolic 
form H(^_i^k (L) = {L (B L* , ^ ), in which case 

The {2k + l)-dimensional L-group L2k+i{A) is the Witt group of (— l)*^-quadratic 
formations {K,ip; L, L') over A, with L,L' C K lagrangians for {K,ip). 

The symmetric L-groups L"(A) of Mishchenko 1181 are the cobordism groups of 
n- dimensional symmetric Poincare complexes {C,4>) over A, with C an n-dimensional 
f.g. projective A-module chain complex 

C : • • • ^ ^ Cn Cn-i ^ • • • — > Ci — > Co ^ — > . . . 

and (p G Q^{C) an element of the n-dimensional symmetric Q-group of C (about which 
more in §1 below) such that 4)q : C^~* ^ C is a chain equivalence. In particular, 
L^{A) is the Witt group of nonsingular symmetric forms {K^ 0) over A, with 

(j) ^ 4,* : K ^ K* 
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an isomorphism, and L^{A) is the Witt group of symmetric formations {K, (j); L, L') 
over A. An analogous cobordism formulation of the quadratic L-groups was obtained 
in Ranicki '15^, expressing L„{A) as the cobordism group of n- dimensional quadratic 
Poincare complexes (C^ip), with ip G QniC) an element of the n-dimensional qua- 
dratic Q-group of C such that (1 + T)ipo : (7""* ^ C is a chain equivalence. The 
hyperquadratic L-groups L"'{A) of |15| are the cobordism groups of n-dimensional 
(symmetric, quadratic) Poincare pairs {f : C ^ D, {Scj)^^-))) over A such that 

is a chain equivalence, with C(/) the algebraic mapping cone of /. The various L- 
groups are related by an exact sequence 

^ L„(A) i±I ^ Ln-M) — • • ■ ■ 

The symmetrization maps 1 + T : L^{A) L*(A) are isomorphisms modulo 8-torsion, 
so that the hyperquadratic L-groups L*{A) are of exponent 8. The symmetric and 
hyperquadratic L-groups are not 4-periodic in general. However, there are defined 
natural maps 

L"(A) L"+''(A) , L"(A) ^ L"+''(A) 
(which are isomorphisms modulo 8-torsion), and there are 4-periodic versions of the 
L-groups 

L"+''*(A) = lim L"+'*'=(A) , L"+4*(A) = lim L"+4'^-(^) • 

k — >oo k — ^oo 

The 4-periodic symmetric L-group (yj^) jg the cobordism group of n-dimensional 

symmetric Poincare complexes (C, 4>) over A with C a finite (but not necessarily n- 
dimensional) f.g. projective A- module chain complex, and similarly for L""*"**(A). 

The Tate Z2-cohomology groups of a ring with involution A 

ij"(Z2;A) = i^lA^^^zil!^ („(mod2)) 

{y + {-iry\yeA} ^ ^ " 

are A-modules via 

^ X ^"(Za; A) ^ if"(Z2; A) ; {a,x)^axa. 

The Tate Z2-cohomology A-modules give an indication of the difference between the 
quadratic and symmetric L-groups of A. If H*{'Z2;A) = (e.g. if 1/2 £ A) then 
the symmetrization maps 1 -f T : L^{A) L*{A) are isomorphisms and L*{A) = 0. 
If A is such that i?°(Z2;A) and H^{'Z2;A) have 1-dimensional f.g. projective A- 
module resolutions then the symmetric and hyperquadratic L-groups of A are 4- 
periodic (Proposition ^301) • 

We shall say that a ring with the involution A is r-even for some r ^ 1 if 

(i) A is commutative with the identity involution, so that iJ°(Z2; A) — A2 as an 
additive group with 

A X ff°(Z2; A) ^ H°{Z2\A) ; (a, x) ^ a^x , 

and 

H^{'L2;A) ^ {ae A|2a = 0} , 

(ii) 2 G A is a non-zero divisor, so that H^{'L2', A) — 0, 

(iii) _ff"(Z2; A) is a f.g. free yl2-module of rank r with a basis {xi = 1, a;2, . . . , Xr}- 
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If A is r-even then H^{1j2\A) has a l-dhiiensional f.g. free A-module resolution 

A'' i?°(Z2;A)->0 

so that the symmetric and hyperquadratic L-groups of A are 4-periodic p. 30(1 . 
A ring with involution A is 1-even if and only if it satisfies (i) , (ii) and also 

a - a'^ e2A for all a e A . 

Theorem 0.1. The hyperquadratic L- groups of a 1-even ring with involution A are 
given by : 

{As if n = 0{mod 4) 
A2 i/n = l,3(mod4) 
ifn = 2(mod4) . 

The boundary maps d : U^{A) Ln-i{A) are given by : 

d : L%A)=As-^L_M) ; a^{A®A,(^^ ; A ini( (^^ ^ -.A^A^A)) , 
d : L\A) = ^ Lo(A) ; a ^ (A ® A '^^^''^ ^ ^^^^ 

1, 



d : L\A)=A2^L2{A) ; a^{A®AA'' ]\) 



The map 

L\A)^L\A) = As; {K , <j>) ^ q^{v , v) 
is defined using any element v £ K such that 

(l){u,u) = (l){u,v) e A2 {u e K) . 



□ 



Theorem 10. II is proved in §2 fCorollarv l2.31|l . In particular, A = Z is 1-even, and 
in this case Theorem 10.11 recovers the computation of i*(Z) obtained in - the 
algebraic L-theory of Z is recalled further below in the Introduction. 

Theorem 0.2. If A is 1-even then the polynomial ring A[x] is 2-even, with A[x\2- 
module basis {l,a:;} for H'^ (Z2; A[x]) . The hyperquadratic L-groups of A[x] are given 
by : 

' As ® A/^[x\ ® A2[xf i/n = 0(mod4) 
A2 if n = l(mod 4) 

i/n = 2(mod4) 

^A2[x\ ifn = 3(mod4) . 

□ 



U\A[x]) 



Theorems 10 . II and 10.21 are special cases of the following computation 
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Theorem 0.3. The hyperquadratic L-groups of an r-even ring with involution A are 
given by : 



L"(A) 



{M e Syni^(A) | M - MXM e Quad^(A)} 
4Quad^(A) + {2(A^ + TV*) - mXN \ N e MriA)} 

{N e Mr{A) \N + N* e 2Sym^(A), i(iV + TV*) - N*XN e Quad^(^)} 

2Mr{A) 



[ Quad,, (A) + {L - LXL \ L e Sym,,(A)} 



if n — 

ifn = l 
ifn = 2 

if n = 3 



with Sy'm^{A) the additive group of symmetric r x r matrices (aij) — (a^j) in A, 
Quad,, (A) C Sym,,(A) the subgroup of the matrices such that an G 2 A, and 



X = 



/xi 

X2 



\0 






Xr j 



e Sym,,(A) 



for an A^-module basis \x\ — 1, 0:2, • ■ • , 2:^} of H'^ {TL2\ A) . The boundary maps d : 
L"(j4) — > L„-i(A) are given by : 

d : L^A) ^ i_i(A) ; M ^ (A^; A^ im( (^^ M^^) : A- ^ A- ® {A-)*)) , 



d : L\A)^La{A) ■ N 



^^^^^^(\{N + N^-2N^XN) 1-2TVXV 
V -2X J 



d : L^{A) i2(A) ; M {A"- ® (A'')*, 



M 1 
X 



□ 



In §§1,2 we recall and extend the Q-groups and algebraic chain bundles of Ranicki 
[El, [IHl and Weiss including a proof of Theorem lO f Theorem On|) . 

We shall be dealing with two types of generalized Arf invariant: for forms on f.g. 
projective modules, and for linking forms on homological dimension 1 torsion modules, 
which we shall be considering separately. 

In §3 we define the generalized Arf invariant of a nonsingular (—1) '^-quadratic 
form {K, -0) over an arbitrary ring with involution A with a lagrangian L a K for 
{K,ip + to be the element 

(K,V;i) e L^*+'^^+^{A) 

with image 

(i^,V) e im(9 : L4*+2fc+i(A) ^ L2k{A)) = ker(l + T : L^kiA) ^ L^*+^\A)) . 
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Theorem ll-i.8l gives an explicit formula for the generalized Arf invariant {K, -0; L) 6 
L^iA) for an r-even A. Generalizations of the Arf invariants in L-theory have been 
previously studied by Clauwens 7 and Bak j2|. 

In §4 we consider a ring with involution A with a localization 5*"^^ inverting a 
multiplicative subset S C A oi central non-zero divisors such that H*{'L2] S~^A) = 
(e.g. if 2 G S"). The relative L-group L2k{A, S) in the localization exact sequence 

> L2k{A) ^ L2k{S-'A) ^ L2k{A, S) ^ L2k-i{A) ^ L2k-i{S-'A) ^ . . . 

is the Witt group of nonsingular (— l)'^-quadratic linking forms (T, A,/i) over {A,S), 
with T a homological dimension 1 5'-torsion A-module, A an A-module isomorphism 

A = (-1)'=A-^ : T^T~ = Ext^(r,yl) = HomA(r, S^M/A) 

and 

{ bES-^A\b^{-l)''b} 
{a+ {-l)''a\ae A} 

a (— l)'^-quadratic function for A. The linking Arf invariant of a nonsingular (— l)'^- 
quadratic linking form (T, A, fi) over (A, S) with a lagrangian U C T for (T, A) is 
defined to be an element 

(T,A,/i;t/)ei4*+2'=(A) , 

with properties analogous to the generalized Arf invariant defined for forms in §3. 
Theorem I4.1UI gives an explicit formula for the linking Arf invariant (T, A, /i; C/) S 
L^'^(A) for an r-even A, using 

S = (2)°° = {2'\i^0} c A , S-^A = A[l/2] . 

In §5 we apply the generalized and linking Arf invariants to the algebraic L-groups 
of a polynomial extension A[x] {x = a;) of a ring with involution A, using the exact 
sequence 

1 -t-T ^ 

^ Ln{A[x]) ^ ^ i„-i(A[a;]) ^ • • • • 

For a Dedekind ring A the quadratic L-groups of A[x] are related to the UNil-groups 
UNil* (A) of Cappell i4 by the splitting formula of Connolly and Ranicki ^D] 

LniA[x]) - L„(A)®UNil„(^) , 

and the symmetric and hyperquadratic L-groups of A[x] are 4-periodic, and such that 

U\A[x]) = U\A) , U'+\A[x]) ^ L"+i(yl)®UNil„(^) . 

Any computation of L*{A) and L*(^[a:]) thus gives a computation of UNil*(A). Com- 
bining the splitting formula with Theorems 10.11 10.21 gives : 

Theorem 0.4. If A is a 1-even Dedekind ring then 

UNil„(A) = L"+i(yl[2;])/L"+i(A) 

'O if n = 0, l(mod4) 

0:^2 [x] ifn = 2(mod4) 

^A4x]®A2[xf ifn = 3(mod4). 

□ 
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In particular, Theorem lO . 41 applies to A = Z. The twisted quadratic Q-groups were 
first used in the partial computation of 

UNil„(Z) = L"+\Z[x])/L"+\Z) 

by Connolly and Ranicki |10j . The calculation in [TU] was almost complete, except that 
UNil3(Z) was only obtained up to extensions. The calculation was first completed by 
Connolly and Davis [Sj, using linking forms. We are grateful to them for sending 
us a preliminary version of their paper. The calculation of UNil3(Z) in [H] uses 
the results of IIOJ and the classifications of quadratic and symmetric linking forms 
over (Z[x], (2)°°). The calculation of UNil3(Z) here uses the linking Arf invariant 
measuring the difference between the Witt groups of quadratic and symmetric linking 
forms over {Z[x], (2)°°), developing further the Q-group strategy of [TU) . 

The algebraic i-groups of A = Z2 are given by : 

fZa (rank (mod 2)) if n = O(mod 2) 
|0 if n = l(mod2) , 



i"(Z2) 



i„(Z2) = 



Z2 (Arf invariant) if n = O(mod 2) 
ifn = l(mod2) 



L"(Z2) = Z2 

with 1 + T = : L„(Z2) L"(Z2). The classical Arf invariant is defined for a 
nonsingular quadratic form {K, -0) over Z2 and a lagrangian L <Z K for the symmetric 
form {K, ^ + ip*) to be 

£ 

{K.t.L) = ^0(e„e,).V'(e*,e*) eZi(Z2) = ^0(^2) - I2 
i=i 

with 61, 62, . . . , any basis for L C K, and ej, Cj, . . . , e| a basis for a direct summand 
L* c K such that 



i^ + r){e*,e*) = , (V' + V*)(e*,e,) 



I \i i = j 
iii^j 



The Arf invariant is independent of the choices of L and L* . 
The algebraic L-groups of A = Z are given by : 

{Z (signature) if n = O(mod 4) 

Z2 (de Rham invariant) if n ee l(mod 4) 
otherwise , 

{Z (signature/8) if 71 = 0(mod4) 
Z2 (Arf invariant) if n = 2(mod4) 
otherwise , 



L"(Z) = 



'Zg (signature (mod 8)) if 71 = O(mod 4) 

Z2 (do Rham invariant) if rt = l(mod 4) 

ifn = 2(niod4) 

^Z2 (Arf invariant) li n = 3(niod 4) 
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Given a nonsingular symmetric form (K, (p) over Z there is a congruence (Hirzebruch, 
Neumann and Koh [El Theorem 3.10]) 

signature(if, 0) = (mod 8) 

with V ^ K any element such that 

(j){u,v) = (j){u,u) (mod 2) {u £ K) , 

so that 

{K, (j)) = signature(i4r, 0) = (j){v, v) 

e coker(l + T : Lo(Z) -> L"(Z)) = L"(Z) = coker(8 : Z ^ Z) = Zg . 

The projection Z ^ Z2 induces an isomorphism L2(Z) = L2(Z2), so that the Witt 
class of a nonsingular (— l)-quadratic form {K, tp) over Z is given by the Arf invariant 
of the mod 2 reduction 

{K,^;L) = Z2®z(if,V';i)ei2(Z) = L2(Z2) = Z2 

with L <Z K a. lagrangian for the (— l)-symmetric form (if, -0 — ?/;*). Again, this is 
independent of the choice of L. 

The Q-groups are defined for an A-module chain complex C to be Z2-hyperhomology 
invariants of the Z[Z2]-module chain complex C ®a C. The involution on A is used to 
define the tensor product over A of left ^-module chain complexes C, D, the abelian 
group chain complex 

^^^^ ^ C®zD 

{ax ® y — X ®ay\a £ A,x £ C,y <E D} 

Let C ®A C denote the Z[Z2]-module chain complex defined by C ®a C via the 
transposition involution 

T : Cp®ACq^Cq®ACp-, x®y^ {-'^Y'^y x . 

{symmetric 
quadratic Q -groups of C are defined by 



hyperquadratic 

'q^{C) = i/"(Z2;C®AC) 

Q„(C) = i/„(Z2;C®AC) 

[Q"(C) = i/"(Z2;C®^C) . 

The Q-groups are covariant in C, and are chain homotopy invariant. The Q-groups 
are related by an exact sequence 

Qn{C) ^ Q"{C) Q^{C) Qn-l{C) - ■ 



A chain bundle (C, 7) over A is an A-module chain complex C together with an 
element 7 S Q'^{C~*). The twisted quadratic Q-groups Qt:{C, 7) were defined in Weiss 
pn] using simplicial abelian groups, to fit into an exact sequence 

g„(C,7) ^ Q"(C) Q-iC) ^ Q„-i(C, 7) — ■ • • 

with 

: Q"(C) Q"(C) ; ^ ^ J(0) - (M^'^il) ■ 
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An n- dimensional algebraic normal complex (C, 0, 7, 9) over A is an n-dimensional 
symmetric complex (C, 0) together with a chain bundle 7 G Q°(C^*) and an element 
(0,0) G Qn{C,"f) with image € Q^{C). Every n-dimensional symmetric Poincare 
complex (C, 0) has the structure of an algebraic normal complex (C, 0, 7, 0) : the 
Spivak normal chain bundle (C, 7) is characterized by 

(0o)^"(7) = J{<P) e Q"(C) , 

with 

(0of° : = Q"(C"-*) ^ Q"(C) 

the isomorphism induced by the Poincare duality chain equivalence (f>o : C"~* — > C, 
and the algebraic normal invariant ((f), 9) 6 Qn{C, 7) is such that 

N^{4>,9) = 0eg"(C) . 

See Ranicki |18l §7] for the one-one correspondence between the homotopy equivalence 
classes of n-dimensional (symmetric, quadratic) Poincare pairs and n-dimensional 
algebraic normal complexes. Specifically, an n-dimensional algebraic normal complex 
(C, 0,7,0) determines an n-dimensional (symmetric, quadratic) Poincare pair [dC — > 
C"-*,((50,V')) with 

dC - C(0o : C"-* C),+i . 
Conversely, an n-dimensional (symmetric, quadratic) Poincare pair {f : C —> D, (Scj), 
determines an n-dimensional algebraic normal complex {C{f), 7, 0, 9), with 7 e Q^{C{f)~*) 
the Spivak normal chain bundle and = S(p/ {1+T)ip ; the class (0, 9) G Qn{C{f),j) is 
the algebraic normal invariant of (/ : C — > D, (50,0))- Thus L"(yl) is the cobordism 
group of n-dimensional normal complexes over A. 

Weiss [20] established that for any ring with involution A there exists a universal 
chain bundle {B'^^P^) over A, such that every chain bundle (C, 7) is classified by a 
chain bundle map 

(ff,x) : (C,7)-(i?^,/3^) , 

with 

H^B"^) = i?*(Z2;A) . 

The function 

L"+4*(A) -.g„(B^,/3^) ; (C, 0,7,0) - (5,x)%(0,^) 

was shown in 20; to be an isomorphism. Since the Q-groups are homological in 
nature (rather than of the Witt type) they are in principle effectively computable. 
The algebraic normal invariant defines the isomorphism 

ker(l + r : L„(A) ^ L^+^*{A)) cokcr(i"+4*+i(A) ^ Q„+i(B^, /3^)) ; 

(C,0)H^(5,x)%(0,0) 

with (0, 9) G Qn+i{C{f) 1 7) the algebraic normal invariant of any (n -I- l)-dimensional 
(symmetric, quadratic) Poincare pair (f : C D, {d(l),ip)), with classifying chain 
bundle map {g,x) ■ (C(/),7) ^ (i?'*,/?'^). For n = 2k such a pair with Hi{C) = 
Hi{D) = for i ^ k is just a nonsingular (—1) '^-quadratic form (K — i/'^(C), -0) with 
a lagrangian 

L = iTn{f* : H^{D) ^ H^{C)) ^ K = H^{C) 
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for {K,ijj + (— l)'^-)/'*), such that the generalized Arf invariant is the image of the 
algebraic normal invariant 

For A ~ and n = this is just the classical Arf invariant isomorphism 
Lo{Z2) = kcr(l + r = 0:Lo(Z2)^LO(Z2)) 

coker(ii(^2) = O^Ql(B^^/?^^)) = Za ; 

with L C K an arbitrary lagrangian of {K, -tp + ip*). The isomorphism 

coker(l + T : i„(A) ^ L"+^*{A)) ker(a : Q„(B^,/3^) ^ L„_i(A)) 

is a generalization from A = n — to arbitrary A, n of the identity signature(_R', 0) = 
4){v,v) (mods) described above. 

[Here is some of the geometric background. Chain bundles are algebraic analogues 
of vector bundles and spherical fibrations, and the twisted Q-groups are the analogues 
of the homotopy groups of the Thom spaces. A (fc — l)-spherical fibration : X ^ 
BG{k) over a connected CW complex X determines a chain bundle {C{X),j) over 
Z[7ri(Ar)], with C{X) the cellular Z[7ri(X)]-module chain complex of the universal 
cover X, and there are defined Hurewicz-type morphisms 

7r^+kiT{iy))^QniC{X),j) 

with T(i/) the Thom space. An n-dimensional normal space (A", : X BG{k),p : 
gn+k _^ T{v)) (Quinn 14 ) determines an n-dimensional algebraic normal complex 
(C(A), (/), 7, 6*) over Z[7ri(A)]. An n-dimensional geometric Poincare complex X has 
a Spivak normal structure {v, p) such that the composite of the Hurewicz map and 
the Thom isomorphism 

TTn+k{T{v)) ^ Hn+k{T{v)) = Hn{X) 

sends p to the fundamental class [X] G Hn{X), and there is defined an n-dimensional 
symmetric Poincare complex (C(A), (f>) over Z[7ri(X)], with 

</)o = [A] n - : C(A)"-* ^ C{X) . 

The symmetric signature of X is the symmetric Poincare cobordism class 

a*{X) = (C(A),(/.)ei«(Z[^i(A)]) 

which is both a homotopy and K{Tri{X), l)-bordism invariant. The algebraic normal 
invariant of a normal space (A, v, p) 

[p] - (0,0) eg„(C(A),7) 

is a homotopy invariant. The classifying chain bundle map 

(5,x) : (C(A), 7)^(5^1-^ /?^[-^Wl) 
sends [p] to the hyperquadratic signature of A 

d*{X) = [</>,0] e g„(B^["i(^)l,/3^["i(^)l) = L"+4*(Z[^i(A)]) , 
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which is both a homotopy and K{t:i (X), l)-bordisni invariant. The (simply-connected) 
symmetric signature of a 4fc-dimensional geometric Poincare complex X is just the 
signature 

a*{X) = signature(X) e L'"=(Z) = Z 
and the hyperquadratic signature is the mod 8 reduction of the signature 

a*{X) = signature(X) e £'*''(Z) ^ Zg . 

See Ranicki |18| for a more extended discussion of the connections between chain 
bundles and their geometric models.] 

1. The Q- AND L-GROUPS 

1.1. Duality. Let T G Z2 be the generator. The Tate Z2-cohomology groups of a 
Z[Z2]-module Af are given by 

{x e M\T{x) = (-l)"a;} 



i7"(Z2;A/) - 



{j/+(-l)"r(y)|y eM} 



\'L2-cohomology 
and the < groups are given by 

I 'Z2-homology 

{{x e M I T{x) =x} if n = 
i/"(Z2;M) ifn>0 
if n < , 

r M/{y - T{y) \ y G M} if Ji = 
Hn (Z2 ;M) = I (Z2 ; M) if n > 

[0 ifn<0. 

We recall some standard properties of Z2-(co)homology : 

Proposition 1.1. Let M he a Z[Z2]-module. 

(i) There is defined an exact sequence 

> Hn{l2;M) H-"{Z2; M) ^ i7"(Z2; Af) ^ F„_i(Z2; Af) ^ . . . 

with 

N = l+T : Ha{Z2;M) ^ H"{Z2;M) ; x^ x + T{x) . 

(ii) The Tate Z2-cohomology groups are 2-periodic and of exponent 2 

H*(Z2]M) = H*+^{Z2]M) , 2H*{Z2]M) = 0. 

(iii) H*{Z2]M) ^0 if M is a free Z[Z2]-module. □ 

Let A be an associative ring with 1, and with an involution 

~ : A A : a i—>-a , 

such that 



a + b = a + b , ab = b.a ,1 — 1 , a — a . 
When a ring A is declared to be commutative it is given the identity involution. 
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Definition 1.2. For a ring with involution A and e — ±1 let {A, e) denote the Z[Z2]- 
module given by A with T G Z2 acting by 

Te : A — > A ; a ea . 

□ 

For e = 1 we shall write 
H*{Z2;A,1) = H*{Z2;A), H*{Z2;A,1) = H*{Z2;A), H,{'L2\A,l) = H,{Z2;A). 

The dual of a f.g. projective (left) A-module P is the f.g. projective A-module 
P* = HoniA(P, A) , AxP* ^P* ; {a, f)^{x^ f{x)a) . 
The natural A-module isomorphism 



P^P** -x^if^ fix)) 

is used to identify 

p** _ p 

For any f.g. projective A-modulcs P, Q there is defined an isomorphism 



P®AQ^HomA(P*,Q) ; x®y^{f ^ f{x)y) 
regarding Q as a right A-module by 

Q X A^ Q ] {y,a) i-^ay . 
There is also a duality isomorphism 

T : Hom^(P,Q) ^HomA(g*,P*) ; f^f* 

with 

/* : Q*^P*., g^{x^ g{f{x))) . 

Definition 1.3. For any f.g. projective A-module P and e = ±1 let {S{P), T^) denote 
the Z[Z2]-module given by the abelian group 

S(P) = HomA (P,P*) 

with Z2-action by the e-duality involution 

T, : S{P) ^ S{P) ; ^ e0* . 

Furthermore, let 

Sym(P,e) = H^iZ2; S{P),T,) = {</> G 5(P) | T,(0) = </.} , 

S{P) 



Quad(P,e) = Ho{Z2;S{P),T,) = 



{e€S{P)\e-T,{e)} 



□ 



An element ^ e S{P) can be regarded as a sesquilinear form 
: PxP^A; {x,y)^{x,y)^ = (t){x){y) 

such that 

{ax,by)^ = b{x,y)^a e A {x,y € P,a,b € A) , 

with 

{x,y)T,(<t,) = e{y,x)^ G A . 



GENERALIZED ARE INVARIANTS IN ALGEBRAIC L-THEORY 



13 



An A-module morphism f : P ^ Q induces contravariantly a Z[Z2]-module morphism 
S{f) : {S{Q),T,)^{S{P),T,); e^ref . 
For a f.g. free A-module P = we shall use the ^-module isomorphism 

r 

A" {A!')* ; (ai,a2, . . . ,0^) ^ ((61, 62, • • • , ^r) i-^^Mi) 

i=l 

to identify 

[A^r - , Honi^(yl'\(A'-)*) = MM) 
noting that the duality involution T corresponds to the conjugate transposition of a 
matrix. We can thus identify 

Mr{A) = SiA"-) = additive group of r X r matrices (fly) with a^j € A , 

T : Mr{A) ^ Mr{A) ; M = (ay) ^ M* = (a,,) , 
Sym^(A,e) = Sym(A'-,e) = {{aij) € MM) \aij = eciji} , 

Quad„(A, e) = Quad(A'",e) = 77 _ , .- , ... , 

1 + Te : Quad^(^, e) ^ Sym^(^, e) ; M ^ M + eMK 
The homology of the chain complex 

> Mr{A) -^-^ Mr{A) Mr{A) -^-^ Mr{A) ^ • • • 

is given by 

ker{l-{-irT:Mr{A)^MriA)) _ ^ _ ^ ^ 

The (— l)"-symmetrization map l + (— 1)"T : Sym^(A) — > Quadr(^) fits into an exact 
sequence 

O^0ij"+i(Z2;A) ^ Quad,(A (-1)") 

r 

l + i-lTT gy^^^^^ ^ ^) ^ _ 

r 

For e = 1 we abbreviate 

Sym(P, 1) = Sym(P) , Quad(P, 1) = Quad(P) , 

Sym^(A, 1) = Sym^(A) , Quad^(^, 1) = Quad^(A) . 
Definition 1.4. An involution on a ring A is even if 

H\Z2;A) =0, 

that is if 

{aG A\a + a = 0} = {b-b\b G A} . 

□ 

Proposition 1.5. (i) For any f.g. projective A-module P there is defined an exact 
sequence 

Q^H\Z2;S{P),T)^qn&d{P) Sym(P) , 

with 

1 + T : Quad(P) ^ Sym(P) ; V 1-^ + V'* • 
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(ii) // the involution on A is even the symmetrization 1 + T : Quad(P) — > Sym(P) is 
injective, and 

r Sym(P) . 
i/"(Z,;5(P),T) ^ Q^I^ ^^"'^^'^^^ 
[O if n is odd , 

identifying Quad(P) with im(l + T) C Sym(P). 
Proof, (i) This is a special case of II. II (i). 

(ii) If Q is a f.g. projective A-module such that P ® Q — is f.g. free then 
H\Z2]SiP),T)(BH\Z2]S{Q),T) = H\Z2; S{P ® Q),T) 

= ^H\Z2;A,-T) = 

r 

and so 5i(Z2;S'(P),r) = 0. □ 
In particular, if the involution on A is even there is defined an exact sequence 
O^Quad^(A) Sym^(A) ^0if"(Z2;A) -^0 



with 

Sym,(A) ^ 0i?°(Z2; A) ; (a„) >^ (a,,) . 

r 

For any involution on A, Sym^(A) is the additive group of symmetric rxr matrices 
(ttij) = {cLji) with fly G A. For an even involution Quad^(A) C Sym^(yl) is the 
subgroup of the matrices such that the diagonal terms are of the form an — hi + hi 
for some hi G A, with 

Sym^(A) 



Quad^ [A) 



Definition 1.6. A ring A is even if 2 e A is a non-zero divisor, i.e. 2 : A — > A is 
injective. □ 

Example 1.7. (i) An integral domain A is even if and only if it has characteristic 
7f2. 

(ii) The identity involution on a commutative ring A is even (II. 4f) if and only if A is 
even, in which case 



i?"(Z2;A) 

and 



A2 if n = O(mod 2) 
ifn = l(mod2) 



Quad^(A) = {{aij) G Sym^(A) | an G 2 A] . 

□ 

Example 1.8. For any group vr there is defined an involution on the group ring Z[7r] 
- : Z[7r] Z[7r] ; ^ngg UgQ^^ . 

If TT has no 2-torsion this involution is even. □ 
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1.2. The Hyperquadratic Q-Groups. Let C be a finite (left) f.g. projective A- 
module chain complex. The dual of the f.g. projective j4-module Cp is written 

CP = (Cp)* = RomA{Cp,A) . 

The dual A-module chain complex C~* is defined by 

dc- = {dcT : {C-*)r = C-'- ^ {C-*)r-i = C-'-+i . 

The n-dual ^-module chain complex C""* is defined by 

= {-iy{dcy : (C"-*).. = C"-'' ^ (C"-*)r-i = C"-''+^ . 

Identify 

C(»aC = HomA(C-*,C) , 

noting that a cycle (f) € {C 0a C)n is a chain map cj) : (7""* — > C. For e = ±1 the 
e-transposition involution on C C corresponds to the e-duality involution on 
HomA (C-*,C) 

T, : RoinA{CP,Cg)^liomA{C^,Cp) ; ^ (-1^60* . 
Let W be the complete resolution of the Z[Z2]-module Z 

W : ... — >Wi= Z[Z2] t?o = Z[Z2] i±5 W-i = Z[Z2] W-2 = Z[Z2] — > . . . 
If we set 

W^^C - Homz[z,](t?,HomA(C-*,C)) , 

then an n-dimensional e -hyperquadratic structure on C is a cycle 6* e (VF^°C)„, which 
is just a collection {Os G HomA(C"', Cn-r+s) | r, s e Z} such that 

des + {-lY9sd* + {-ir+'-\9s-l + {-iyT,9s-l) = : C'' ^ Cn-r+s-l ■ 

Definition 1.9. The n-dimensional e-hyperquadratic Q-group Q^{C, e) is the abelian 
group of equivalence classes of n-dimensional e-hyperquadratic structures on C, that 
is, ^ 

Q"(C,e) = i?„(W^^°C) . 

□ 

The e-hyperquadratic Q-groups arc 2-pcriodic and of exponent 2 
Q*(C,e) - Q*+\C,e) , 2Q*(C,e) = 0. 
More precisely, there are defined isomorphisms 

Q"(C,e) ^ 0"+'(C,e) ; {6^} ^ {^,+2} , 
and for any n-dimcnsional e- hyperquadratic structure {9s} 

29s = dxs + i-lYx.d* + (-ir+-Hxs-i + {~iyT,Xs-i) : C'' ^ C„-r+a 
with Xa = (~l)"~''*~^^s+i- There are also defined suspension isomorphisms 

S : Q"(C,e) Q"+i(a_i,e) ; {9^} ^ {9s-i} 

and skew-suspension isomorphisms 

5 : Q"(C,e) g"+2(a-i,-e) ; ^ . 
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Proposition 1.10. Let C be a f.g. projective A-module chain complex which is 
concentrated in degree k 

C : ^O^Ck^O^ ... . 

The e-hyperquadratic Q-groups of C are given by 

Q"(C,e) = ^"-2'=(Z2;5(C'=),(-l)*Te) 
{with 5(6"=) = HomA(C'=,Cfe)). 

Proof. The Z[Z2]-module chain complex V = Hom^(C~*, C) is given by 
V : • • • ^ V2k+i = 0^V2k = S{C'') ^ V2k-i = ^ . . . 

and 

= Homz[z,](W^2fe-j,V2fe) = Homz[z,i(W^2fe-i, -SCC^)) • 
Thus the chain complex W'^°C is of the form 

{W%C)2k+i = Homz[z,](T?_i,y2fc) = SiC^) 

d2fe+i = l+(-l)''Te 

{W'^''C)2k 

rf2fc=l+(-l)'' + 'Te 

(T?%C)2fe-i 

d2ii-l = l + (-l)'=Te 

(T?%C)2fe-2 



= Homzrz,i(Wo,y2fe) = S{C^) 



= Homz™](W2,1^2fe) = 5(C"=) 



and 



□ 



Example 1.11. The e-hyperquadratic Q-groups of a 0-dimensional f.g. free ^-module 
chain complex 

C : ^O^Co = A'^Q^... 

are given by 

Q"(C,e) = 0i?"(Z2;Ae) ■ 

r 

□ 

The algebraic mapping cone C{f) of a chain map f : C ^ D is the chain complex 
defined as usual by 

'do {-ly-'f^ 

dc 



: e{f)r = Dr® Cr-1 ^ C(/)r-l = -Dr-1 C^- 
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The relative homology groups 

Hnif) - i?n(C(/)) 

fit into an exact sequence 

> Hn{C) t Hr,{D) ^ Hnif) ^ H„-iiC) ^ . . . . 

An A-module chain map f : C —> D induces a chain map 

F° = Hom^[^,](l^^,Hom^(r,/)) : W^^C-^W^W 

which induces 

: Q"(C,6) ^g"(Ae) 
on homology. The relative e-hyperquadratic Q-group 

fits into a long exact sequence 

Q"(C, e) — Q^{D, e) Q"(/, e) Q''-\C, e) • ■ ■ ■ 

Proposition 1.12. (i) The relative e-hyperquadratic Q-groups of an A-module chain 
map f : C ^ D are isomorphic to the absolute e-hyperquadratic Q-groups of the 
algebraic mapping cone C{f) 

Q*{f,e) - Q*(C(/),e) . 

(ii) If f : C ^ D is a chain equivalence the morphisms f°^" : Q*{C,e) — > Q*{D,e) are 
isomorphisms, and 

Q*{f,e) = . 

(iii) The e-hyperquadratic Q-groups are additive: for any collection {C(i) | z G Z} of 
f.g. projective A-module chain complexes C{i) 

i i 

Proof, (i) See §1,§3] for the definition of the Z2-isovariant chain map t : C{f®f) 
C{f ) fS^A C{f) inducing the algebraic Thorn construction 

t : g"(/,6) g"(C(/),e) ; {9,89) ^ 9/09 

with 



{9/d9)s = 



9s 
d9J* T,d9s-i 



Define a free Z[Z2]-module chain complex 

E = (a_i®AC(/))e(C(/)®Aa-i) 

with 

T : E ^ E ; {a (g) b,x (g) y) ^-^ {y (g) x,b (g) a) , 

such that 

H4W(g^^^]E) = H,(Rom^^.iW,E)) = 0. 



18 



MARKUS BANAGL AND ANDREW RANICKI 



Let p : C{f) — > C*_i be the projection. It now follows from the chain homotopy 
cofibration 

fp(E)l\ 

f [l<S>p 
C{f ® /) C{f) (Sa Cif) ^ ^ E 

that t induces isomorphisms 

t : g*(/,e) - Q*(C(/),e) . 
(ii) + (iii) See (TSl Propositions 1.1,1.4]. □ 

Proposition 1.13. Let C be a f.g. projective A-module chain complex which is 
concentrated in degrees fc, fc + 1 

C : >O^Ck+i Cfc ^ ^ . . . . 

(i) The e-hyperquadratic Q-groups of C are the relative Tate Z2-cohomology groups in 
the exact sequence 

> H''-^''{Z2;S{C''+^),{-l)''T,) H'''-'^^{Z2\S{C^),{~lfT,) 

^Q"(C,e) ^i?"-2fc-i(22.5(^fe+i)^(_l)fey^) ^ _ 

that is 

^ {(0, 6) e S{C^+^) ® S{C^) I r = (-l)"+^-^£0, d<j,d* = 6 + (-l)"+fe-ier} 
^ ^ {(a + (-l)«+^-ie(T*,rf(Td*+T+(-l)»+'=er*)|(CT,r) e5(Cfe+i)©^(Cfc)} 

with {(j), 9) corresponding to the cycle (3 £ W'^''C)n given by 

Pn-2k-2 = d : C^^^ Cfe+i , (3n-2k — <t) ■ Ck , 

[0 : ^ Ck+i . 

(ii) // the involution on A is even then 



-2fc-l 



'(C) = 



Sym(C^'+i) Sym(Cfe) , . 
coker(d^'' : - — , ^ — , , J if n - k is even , 
Quad^C+^j Quad(C*=) 

, Sym(C"=+i) Sym(C"=) , 

l'^^^" ■ n ^ n ^^r^fcO ifn-kis odd . 

Quad^C+^j Quad^C) 



Proof, (i) Immediate from Proposition ll.121 

(ii) Combine (i) and the vanishing {Z2; S{P),T) — given by Proposition 11.51 
(ii). □ 

For e = 1 we write 

T^ — T , Q'^{C,e) — Q^iC) , e-hyperquadratic = hyperquadratic . 

Example 1.14. Let A be a ring with an involution which is even H1.4II . 

(i) The hyperquadratic Q-groups of a 1-dimensional f.g. free A-module chain complex 

C : >O^Ci^A'' Co = A'' ... 
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are given by 

^ ^ {(0, 6) £ M,{A) ® MAA) I r = (-1)"' V, d<l>d* = e + } 

^ {(cr+(-l)"-ia*,dad*+r+(-l)«T*|((T,r) eM5(A)©M^(A)} ' 
Example 11.111 and Proposition II . 1 ?>\ give an exact sequence 

i7H^2;5(Ci),r) = 0^Qi(C) 



i/"(Z2;5(Ci),r) -effO(Z2;A) 

i/"(Z2;5(C"),r) =0ffO(Z2;A) 

r 

^ Q^{C) ^ H-\l2\S{C^),T) 

(ii) If A is an even commutative ring and 

d = 2 : Ci = A"^ ^ Cq = A'' 
then <f^" = and there are defined isomorphisms 



□ 



1.3. The Symmetric Q-Groups. Let W be the standard free Z[Z2]-module reso- 
lution of Z 

W : ... — >W:i= Z[Z2] ^^14^2 = Z[Z2] ^^Wi= Z[Z2] ^ T4^o = Z[Z2] — ^ 0. 

Given a f.g. projective A-module chain complex C we set 

W'^^C = Homzp,](W^,Hom^(C-*,C)) , 

with T G Z2 acting on C ®a C ~ Hom^(C^*, C) by the e-duality involution T^. An 
n- dimensional e-symmetric structure on C is a cycle S (T4^'^"C)„, which is just a 
collection {</is G Homyi(C"', C„_r+s) | r e Z, s ^ 0} such that 

(r e Z,s ^ 0,0-1 = 0) . 

Definition 1.15. The n-dimensional e-symmetric Q-group Q^{C,e) is the abelian 
group of equivalence classes of n-dimensional e-symmetric structures on C, that is, 

Q"(C,e) = H,,{W^^C) . 

□ 

Note that there are defined skew-suspension isomorphisms 

S : Q"(C,e) Q"+2(a_i,-e) ; {0J {0J . 
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Proposition 1.16. The e- symmetric Q-groups of a f.g. projective A-module chain 
complex concentrated in degree k 



C 



^ Cfe ^ 



are given by 



Q''{C,e) = iJ2fe-"(Z2;5(C^),(-l)'=T,; 



^2fc-"(Z2;5(C*^),(-l)'=re) ifn^2k-l 

F0(Z2;5(C"=),(-1)'=T,) ifn = 2k 

ifn^2k + l. 



Proof. The Z[Z2]-module chain complex V = Homyi(C *, C) is given by 
V : >V2k+i = 0^V2k = S{C'')^V2k-i = 0^... 

and 

= Homz[z,](W^2fe-,,V'2fe) = Homz[z,](W^2fe-,,^(C'=)) 
which vanishes for j > 2k. Thus the chain complex W'^°C is of the form 

{W^"C)2k+i = 



12J! + 1 



{W^"C)2k 

d2fc=l+(-l)'= + 'Te 

(W%C)2fe-l 

d2fc-l = l + (-l)*'Te 

(W%C)2fe-2 



= Homzrz,](Wo,y2fe) = ^(C'^) 



Homzffi,](Wi,F2fc) = 5(C"=) 



= HomzK,](W2,1^2fe) = 5(C"=) 



and 



Q"(C,e) = Hn{W^°C) = if2*=-"(Z2;5(C*=),(-l)'=Te) . 



□ 



For e = 1 we write 

T, = T , Q''{C,e) = Q"(C) , e-symmetric = symmetric. 

Example 1.17. The symmetric Q-groups of a 0-dimensional f.g. free A-module chain 
complex 

C : ^O^Co = A^'^O^... 
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□ 



are given by 

'0^"(Z2;A) ifn<0 

<3"(C) = {Sjm^{A) ifn = 

otherwise. 

An A-module chain map f : C ^ D induces a chain map 

HomA(r,/) : RomA{C-*,C)^-HomA{D-*,D) ■ cj>^f<pr 
and thus a chain map 

f" = Homzp,](lt^,HomA(r,/)) : W'^" C ^ W'''" D 

which induces 

on homology. The relative e- symmetric Q-group 

fits into a long exact sequence 

> Q^iC e) ^ Q^{D, e) ^ e) ^ e) > • • • • 

Proposition 1.18. (i) The relative e-symmetric Q-groups of an A-module chain map 
f : C ^ D are related to the absolute e-symmetric Q-groups of the algebraic mapping 
cone C{f) by a long exact sequence 

■■■^Hn(C{f)®AC) -^^ Q"(/,e) g"(C(/),e)^ir„_i(C(/)®^C)^... 
with 

t : Q"(/,e)^Q"(C(/),e) ; {<l>,d.i>) ^ ^/d<i> 
the algebraic Thorn construction 





An element {g,h) £ Hn{C{f) ®a C) is represented by a chain map g : C"-^-* — > C 
together with a chain homotopy /i : ~ : C"'~^~* — > D, and 

F : //„(C(/) ®A C) ^ e) ; {g, h) ^ {ct>, d(f>) 

with 

\0 ifs^l [0 ifs^l. 

The map 

Q^{C{f),e) ^ Hn-i{C{f)®AC) ; <t>^p(l>o 
is defined using p = projection : C{f) — > C*_i. 

(ii) If f : C ^ D is a chain equivalence the morphisms f^° : Q*{C,e) — > Q*{D,e) are 

isomorphisms, and 

Q*{C{f),e) = Q*{f,e) = . 
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(iii) For any collection {C{i) | i G Z} of f.g. projective A-module chain complexes C(i) 
Q"(^C(z),6) = 0Q"(^?W,e)©0^«(C(z)®^CO-)) • 

i i i<j 

Proof, (i) The long exact sequence is induced by the chain homotopy cofibration of 
Proposition 11.121 



t 



p(g)l 
1 ® p 



Cif ® /) C{f) ®A C{f) ^ E 

with 

E = {C,-i®AC{f))®{C{f)®AC,-i) , 
H^{W°^"E) = i7,(Hom2[2,](M^,£;)) = 0a C(/)) . 

(ii)+(iii) See [13 Propositions 1.1,1.4]. □ 

Proposition 1.19. Let C he a f.g. projective A-module chain complex which is 
concentrated in degrees fc, fc + 1 

C : >Q^Ck+i Ck^O^... . 

The absolute e-symmetric Q-groups Q*{C,e) and the relative e-symmetric Q-groups 
Q*{d,e) of d : Ck+i Ck regarded as a morphism of chain complexes concentrated 
in degree k are given as follows. 
(i) Forny^2k,2k + l,2k + 2 



nC,e) = Q-{d,e) 



Q"(d,e) = (3"(C,e) i/n<2A:-l 
if 2k + 3 



with (C, e) as given by Proposition 

(ii) For n — 2k, 2/c + 1, 2fc + 2 there are exact sequences 

Proof. Tlic Z[Z2]-module chain complex V = HomA(C^*, C) is such that 
(S{C'') ifn = 2fc 



1HonlA(C^ Cfc+i) ® HomA(C"=+\ Cfe) if n = 2fc + 1 
5(C'''+i) ifn = 2fc + 2 

otherwise 



GENERALIZED ARE INVARIANTS IN ALGEBRAIC L-THEOR.Y 



23 



and 

oo 

(H^^°C)„ = J2 HomA(W^s, V;+.) = for n > 2fc + 3 . 

s=0 

a 

Example 1.20. Let C be a 1-dimensional f.g. free ^-module chain complex 

C : > ^ Ci = A« Co = A'' ^ -> . . . , 

so that C = C{d) is the algebraic mapping cone of the chain map d : Ci Co of 
0-dimensional complexes, with 

: HomA(C\Ci) = M,(yl) ^ HomA(C°, Co) = Mr {A) ; (j) ^ d(j)d* . 
Example II . 1 71 and Proposition II . 1 91 give exact sequences 



)HCo) - ^ Q\d) Q"(Ci) - Symg(A) QO(Co) = Sym,,(A) 



q r 

Hi{C)®aCi Q\d) -X Q\C) ^ Ho{C)®aCi Q"(d) ^ Q0(C) -> 
In particular, if A is an even commutative ring and 

d = 2 : Ci = A'^ ^ Co = A'' 

then d'^" = 4 and 

QOiO = coker(2(l + T) : M.(A) ^ - ^^"'^^"^^ 



)i(C) = ker(2(l + T) 



4Sym^(A)' 2Quad.^(A) 
M,(A) Sym,(^) . 



2MriA) 4Sym^(A)' 
{(oy ) e Af^(A) I ay + aj, e 2 A} _ Sym^(yl) 



2Mr{A) 2Sym^(A) ' 



□ 



We refer to Ranicki |15| for the one-one correspondence between highly-connected 
algebraic Poincare complexes/pairs and forms, lagrangians and formations. 

1.4. The Quadratic Q-Groups. Given a f.g. projective A-module chain complex 
C we set 

W%C = M^(8z[z,]Hom^(C-*,C) , 
with T e Z2 acting on C (S>a C — Hom^ (C~*,C) by the e-duality involution T^. 
An n- dimensional e-quadratic structure on C is a cycle V' G ^ collection 

{ips e HomA(C'', Cn^r-s) I r G Z, s ^ 0} such that 

d^s + i-iy^sd* + {-ir-'-\^s+i + (-ir+'T,i^s+i) = O : ^ C„_,_,_i . 

Definition 1.21. The n- dimensional e-quadratic Q-group (5„(C, e) is the abelian 
group of equivalence classes of n-dimensional e-quadratic structures on C, that is, 

g„(C,e) = i?„(W^%C) . 

□ 
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Note that there are defined skew-suspension isomorphisms 

S : QniC,e) Q„+2(C,_i , -e) ; {VJ ^ {V'J • 

Proposition 1.22. The e-quadratic Q-groups of a f.g. projective A-module chain 
complex concentrated in degree k 

C : >O^Ck^O^ ... 

are given by 

Qn{C,e) = F„_2fe(Z2;5(C'=),(-l)'=T,) 

'^"-2'=+i(Z2; 5(6"=), (-1)'=T,) if n > 2fc + 1 
/fo(Z2;5((7^),(-l)'=T,) ifn = 2fc 

ifn^2A;-l. 

Proof. The Z[Z2]-module chain complex V = Hom^(C~*, C) is given by 

V : .y2fc+i = 0^V2k = HomA(C7^Cfc) ^y2fc-i = 0^... 

and 

{Wo/^,C)j = Wj-2k®z[Z2]V2k = Homz[z,](T4^2fe-j, S-CC*^)) 
which vanishes for j < 2k. Thus the chain complex W%C is of the form 

{W%C)2k+2 = W2(^Z[Z,]V2k = SiC) 

d2fc+2 = l + (-l)'°Te 

{W%C)2k+l 

l = l + (-l)'= + lTe 

{W%C)2k 



= Wi 



V2k = SiC'') 



= Wo^zlZ,]V2k = 5(C"=) 



{W%C)2k-i = 

and 

Qn{C,e) = Hn{W%C) = Hn-2k{^2;S{C''),{-lfT,). 

□ 

Example 1.23. The e-quadratic Q-groups of the 0-dimensional f.g. free A-module 
chain complex 

C : 

are given by 

Qn{C) 

□ 



O^Co = A"- 



'0H"+i(Z2;yl) ifn>0 

r 

Quad^(A) if n = 

otherwise. 
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An A-module chain map f : C D induces a chain map 

/% = Ivy ®z[z.]Hom^ (/*,/) : W%C ^ W%D 

which induces 

/% : Qn{C,e)^Q„{D,e) 

on homology. The relative e-quadratic Q-group Qn{f, e) is designed to fit into a long 
exact sequence 

. . . ^ Qn{C, e) ^ Qn{D, e) Qn{f, e) Qn-i{C, e) ^ . . . , 
that is, Qn{f, e) is defined as the n-th homology group of the mapping cone of /%, 
Q„(/,e) = Hn{f% : W%C W%D) . 

Proposition 1.24. (i) The relative e-quadratic Q-groups of f : C ^ D are related to 
the absolute e-quadratic Q-groups of the algebraic mapping cone C{f) by a long exact 
sequence 

■■■^H„{C{f)®AC) Qn{f,e) Qn{C{f),e)^Hn-i{C{f)®AC)^ ... . 

(ii) If f : C ^ D is a chain equivalence the morphisms f% : Q^{C) Q*{D) are 
isomorphisms, and 

Q.{C{f),e) = Q4f,e) = . 

(iii) For any collection {C{i) \ i gZ} of f.g. projective A-module chain complexes C{i) 

g„(^C(i),e) = 0g„(C(i),e)©0if„(C(i)®AC(j)) . 

i i i<j 

□ 

Proposition 1.25. Let C be a f.g. projective A-module chain complex which is 
concentrated in degrees k,k-\-l 

C : • • • ^ ^ Ck+i *- Cfe ^ ^ . . . . 

The absolute e-quadratic Q-groups Q^{C,e) and the relative e-quadratic Q-groups 
Q.,{d,e) of d : Ck+i Ck regarded as a morphism of chain complexes concentrated 
in degree k are given as follows. 
(i) Fornj^ 2k, 2k + 1,2k -\- 2 



Qn{C,e) = Qn{d,e) = 



Q"+\d,e) = Q"+i(C,e) if 2k + 3 
ifn^2k-l 
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with Q" (C, e) as given by Proposition 

(ii) For n = 2fc, 2fc + 1, 2fc + 2 there are exact sequences 

Q2k+2{d,e)=Q-"^+^{C,e) Q2k+i{Ck+i, e) ^ H'> {Z2; S{C^+'), {-l)'^T,) 

Q2fe+i(Cfe,e) -i?"(Z2;5(C'=),(-l)'=r,) ^ Qafc+i^e) 

^ Q2fe(Cfe+i,e) =i/o(Z2;5(C'=+i),(-l)^X) 

Q2k{Ck,e) = Ho{Z2;S{C^),{~lfT,) Q2k{d,e) Q2k-i{Ck+i) = . 

0^Q2fc+2(d,e) Q2k+2{C,e) ^ i/fc+i(C)®AC'fc+i Q2k+Me) 

Q2k+iiC,e) Cu+i®AHk{C) Q2kid,e) Q2k{C,e) ^ 

□ 

For e = 1 we write 

Te — T , Qn{C,t) — Qn{C) , e-quadratic = quadratic . 
Example 1.26. Let C be a 1-dimensional f.g. free ^-module chain complex 

C : > ^ Ci = ^« Co = A'' ^ ^ . . . , 

so that C = C{d) is the algebraic mapping cone of the chain map d : Ci — > Co of 
0-dimensional complexes, with 

d^" : HomA(C\Ci) = Mg(A) ^ Hom^lC", Co) = Mr (A) ; <j> ^ d(f>d* . 

Example II . 231 and Proposition II . 251 give exact sequences 

Qi(Ci) =ei?0(Z2;A) Qi(Co) -eH°(Z2;A) ^Qi(d) 

q r 

QoiCi) = Quad,(A) QoiCo) = Quad,(A) ^ Qo(d) ^ Q-i(Ci) = , 

HiiC) ®A Ci -> Qi(d) ^ Qi(C) ^ i7o(C) ®A Ci ^ Qo(d) ^ Qo(C) ^ . 

In particular, if A is an even commutative ring and 



GENERALIZED ARE INVARIANTS IN ALGEBRAIC L-THEOR.Y 



27 



then d% — 4 and 

Quad^(A) 



hid) 



4Quad^(A) ' 

Sym^(A) 
Quad^(A) +4Sym^(A) 



QoiC) = cokcr(2(l + T) : ^ ^^^) = "^""^^^^^ 



2Mr{A) 4Quad^(yl)' 2Quad^(yl) ' 
^'^^ {(2(xo-x5),4xo + X2+X^)|(Xo,X2)eM,(A)©M,(A)} ^ 

2 

□ 

1.5. L-groups. An n- dimensional < ^ Poincare complex \^ over 

I e-quadratic I (C, ip) 

A is an n-dimensional f.g. projective A-module chain complex 

C : • ■ • — > C„ ^ C'„_i ^ • • • ^ Ci ^ Co ^ ^ . . . 

together with an element J ^ such that the A-module chain map 

\ij e Q„(C, e) 

is a chain equivalence. We refer to jl8| for the detailed definition of the n-dimensional 

{e-symmetric \L^(A,e) i i i- n i- • , 

L- group < as the cobordism group oi n-dmiensional 

e-quadratic \Ln{A,e) 

{e-symmetric . , , 
Poincare complexes over A. 
e-quadratic 

Definition 1.27. (i) The relative [e-symmetric, e-quadratic) Q-group Qnif:^) of a 
chain map / : C — > 13 of f.g. projective A-module chain complexes is the relative 
group in the exact sequence 

• • • ^ QniC, e) Q"{D, e) ^ Ql{f, e) ^ Qn-i{C, e) ^ . . . . 

An element {6(j),ip) e Q^{f,e) is an equivalence class of pairs 

such that 



ri-l 



(ii) An n-dimensional {e-symmetric, e-quadratic) pair over A (f : C ^ D, (6(1), ip)) is 
a chain map / together with a class (6(1), ip) G Qnif^ ^) such that the chain map 

((50, (1 + T,)^)o : D"-*^Cif) 

defined by 
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is a chain equivalence. □ 

Proposition 1.28. The relative (e- symmetric, e-quadratic) Q-groups Qll{f,e) of a 
chain map f : C ^ D fit into a commutative braid of exact sequences 




with 

Jf : Q^{f,e)^Q^{D,e) ; (5</.,V)^a , 

as ^ < : D Dn-r+s 

\fV-s-lf if s -1 



□ 



The n-dimensional e-hyperquadratic L-group e) is the cobordism group of 

n-dimensional (e-symmetric, e-quadratic) Poincare pairs {f : C ^ i/))) over A. 

As in there is defined an exact sequence 

^ L„(A, e) ^ e) ^ e) ^ L^-i{A, e) ^ ■ ■ ■ ■ 

The skew-suspension maps in the ±e-quadratic L-groups are isomorphisms 

S : i„(Ae) — - L„+2(A™e); (C, {^J) ^ {V-J) , 

so the e-quadratic L-groups are 4-periodic 

Ln{A,e) = Ln+2[A,-e) = Ln+i{A,e) . 

The skew-suspension maps in e-symmetric and e-hyperquadratic L-groups and ±e- 
hyperquadratic L-groups 

5 : L"(A,e)^L"+2(A,-e) ; (C, {^J) (C^i, {</'.}) , 

S : e) ^ -e) ; (/ : C ^ i?, 0,}) ^ (/ : C-i ^ {{^PsAs)}) 

are not isomorphisms in general, so the e-symmetric and e-hyperquadratic L-groups 
need not be 4-periodic. We shall write the 4-periodic versions of the e-symmetric and 
e-hyperquadratic L-groups of A as 

L"+4*(yl,e) = lim A, e) , £"+4*(^,e) = lim £"+4'=(yl,e) , 

k — *-oo fc— *oo 
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noting that there is defined an exact sequence 

• • • ^ L„(A, e) ^ L"+**{A, e) ^ e) ^ L„_i(A, e) ^ . . . . 

Definition 1.29. The Wu classes of an n-dimensional e-symmetric complex {C,(f>) 
over A are the A-module morphisms 

□ 

For an n-dimensional e-symmetric Poincare complex (C, 0) over A the evaluation 
of the Wu class Vk{<j)){x) G H''{Z2;A, e) is the obstruction to kilhng x G i7"^''(C) = 
Hk{C) by algebraic surgery (.15, §4]). 

Proposition 1.30. (i) // iJ" (Z2 ; A, e) /las a 1 - dimensional f.g. projective A-module 
resolution then the skew- suspension maps 

S : U'-^{A,-e) ^ L''{A,e) , S : L''-'^{A, -e) ^ U\A, e) {n ^ 2) 

are isomorphisms. Thus if H^{Ij2; A, e) also has a 1- dimensional f.g. projective A- 
module resolution the e-symmetric and e-hyperquadratic L-groups of A are ^-periodic 

U'{A,e) = L"+2(^,-e) = i"+4(A,e), 

2"(A,e) = i"+2(yl,-e) = i"+4(A,e) . 
(ii) If A is a Dedekind ring then the e-symmetric L-groups are 'homotopy invariant' 

L-{A[x],e) = L^{A,e) 
and the e-symmetric and e-hyperquadratic L-groups of A and A[x\ are 4^-periodic. 

Proof, (i) Let Z? be a 1-dimensional f.g. projective A-module resolution of (Z2 ; A, e) 

^ L»i ^ Z^o ^ iz"(Z2; A) ^ . 

Given an n-dimensional e-symmetric Poincare complex (C, (j)) over A resolve the A- 
module morphism 

VniMM'^ ■■ Ho{C)^H"{C)^Ho{D) = H''{Z2;A,e) ; u^{<l>o)-Hu)iu) 

by an A-module chain map f : C ^ D, defining an {n -t- l)-dimensional e-symmetric 
pair {f : C ^ D, {6(l),(j))). The effect of algebraic surgery on {C,(j)) using {f : C ^ 
D, {S(j),(j))) is a cobordant n-dimensional e-symmetric Poincare complex {C',(j)') such 
that there are defined an exact sequence 

0^iZ"(C") ^iZ"(C) if"(Z2;A,e)^iZ"+i(C")^0 

and an {n -|~ l)-dimensional e-symmetric pair (/' : C" D' , {6(j)' , (j>')) with /' the 
projection onto the quotient complex of C" defined by 

D' : ■ • • - ^ = cu, ^ d:, = c; ^ ^ . . . . 

The effect of algebraic surgery on (C, </>') using (/' : C D' , {6(j)' , (j)')) is a cobordant 
n-dimensional e-symmetric Poincare complex (C",(/)") with Hn{C") = 0, so that it 
is (homotopy equivalent to) the skew-suspension of an [n — 2)-dimensional (— e)- 
symmetric Poincare complex. 

(ii) The 4-periodicity L*(A, e) = L*+'*(A, e) was proved in ^15, §7]. The 'homotopy 
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invariance' L*{A[x],e) ^ L*{A,e) was proved in [HI 41.3] and [El 2.1]. The 4- 
periodicity of the e-symmetric and e-hyperquadratic L-groups for A and A[x] now 
foUows from the 4-perfodicity of the e-quadratic L-groups L^,{A, e) = _L*+4(j4, e). □ 



2. Chain Bundle Theory 

2.1. Chain Bundles. 

Definition 2.1. (1) An e-bundle over an A-module chain complex C is a 0-dimensional 
e-hyperquadratic structure 7 on C°^*, that is, a cycle 

as given by a collection of A-module morphisms 

{7, eHomA(a-s,C-'')|r,sGZ} 

such that 

(-l)''+id*7,, + (-l)^7,d+(-l)^-i(7,_i + (-l)^T,7,_i) = : C-s+i ^ C"'' . 

(ii) An equivalence of e-bundles ovei C, 

X ■■ 7 — > 7' 

is an equivalence of e-hyperquadratic structures. 

(iii) A chain e-bundle (C, 7) over A is an ^-module chain complex C together with 
an e-bundle 7 G (W'^"C°-*)o. 

□ 

Let (D, 5) be a chain e-bundle and f : C ^ D a. chain map. The dual of / 

/* : D°-* — > C°-* 

induces a map 

if*)o ■■ iW^°D"-*)o (w'^°C"-*)o . 
Definition 2.2. (i) The pullback chain e-bundle {C,f*S) is defined to be 

(ii) A map of chain e-bundles 

(/,X) : (C,7) — (A^) 
is a chain map f : C D together with an equivalence of e-bundles over C 

X ■■ □ 

The e-hyperquadratic Q-group (5'^(C°^*, e) is thus the group of equivalence classes 
of chain e-bundles on the chain complex C, the algebraic analogue of the topological 
i^-group of a space. The Tate Z2-cohomology groups 

^ ^ {6+(-l)"e6|6G A} 

are A-modules via 

A X (Z2 ; A, e) ^ (Z2 ; A, e) ; {a,x)^ axa. 
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Definition 2.3. The Wu classes of a chain e-bundle (C, 7) are the ^-module mor- 
phisms 

Vkh) : Hk{C) ^ -ff'=(Z2; A,e) ; x ^ 7-2fc(x)(a;) (fc G Z) . 

□ 

An n-dimensional e-symmctric Poincare complex (C, 4>) with Wu classes (|1.29|l 
dkici)) : H^'-^C) H''{Z2;A,e) ; y ^ K-2k{y){y) {k £ Z) 
has a Spivak normal e-bundle (jl5|') 

7 = ^-"(0o^")-i(J(0)) eQ"(co-*,6) 

such that 

the abstract analogue of the formulae of Wu and Thom. 

For any ^-module chain map f : C ^ D Proposition 11.121 (i) gives an exact 
sequence 

>Qi(C°-*,e)-.Q"(C(/)0-*,e)-.QO(i?o-*,e) Q°(C°-*, e) ^ . . . , 

motivating the following construction of chain e-bundles : 

Definition 2.4. The cone of a chain e-bundle map (/, x) • (C'jO) — > {D^S) is the 
chain e-bundle 

(B,/3) = C(/,x) 
with B = C{f) the algebraic mapping cone oi f : C ^ D and 



J*Ss+l Xs+1, 

Note that {D, S) — g*{B, j3) is the puUback of (_B, j3) along the inclusion g : D ^ B. 

□ 

Proposition 2.5. For a f.g. projective A-module chain complex concentrated in 
degree k 

C : >0->Cfc->0->... 

the kth Wu class defines an isomorphism 

Proof. By construction. □ 

Proposition 2.6. For a f.g. projective A-module chain complex concentrated in 
degrees k,k -\- 1 

C : > ^ Cfe+i ^ Cfe ^ ^ . . . 

there is defined an exact sequence 

Hom^(Cfc,il^-+i(Z2;Ae)) ^ HomA(Cfe+i, ij'=+i(Z2; A e)) 
— g°(CO-*,e) ^ HomA(Cfe,ij'=(Z2;Ae)) ^ Hom^(Cfc+i, iJ'^lZa; A, e)) 
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with p : Ck Hk{C) the projection. Thus every chain e-hundle (C, 7) is equivalent to 
the cone C{d,x) of a chain e-bundle map (rf, x) ■ (C'fc+1,0) {Ck,S), regarding 

d : Ck+i Ck as a map of chain complexes concentrated in degree k, with 

S* = (-1)'=<5 : Ck^C\ d*5d = x+(-l)'x* : Ck+i ^ C''+' , 

7-2fe-2 = X ■■ Ck+1 ^ C-^+i . 

Proof. This follows from 12.61 and the algebraic Thorn isomorphisms 

t : Q*{d,e) ^ Q*{C,e) 
of Proposition irra □ 

2.2. The Twisted Quadratic Q-Groups. For any f.g. projective A-module chain 
complex C there is defined a short exact sequence of abelian group chain complexes 

-> w%c W'^'C — ^ W°''°C 



with 1 + Te , J the chain maps 
1 + T, : W%C -> W'^''C ; V ^ (1 + T,)^, , ((1 + T,)^P) 

J : W°''"C W^'C ; (t)^J(t>, {J(t))s -- 



(l+T,)(V'o) ifs-0 
if s ^ 1 , 



(j), if s ^ 
ifs^--l 



The e-symmetric, e-quadratic and e-hyperquadratic Q-groups of C are thus related 
by the exact sequence of Ranicki ^] 

...^g»+i(C,e) -JU Q^iCe) ^ Q"(C,e) — ^ 0"(C7,e)^... 

with 

H : W'^^C (WV„C)»_i ; 9 ^ HO , {He), = ^^^^i (s ^ 0) . 
Weiss 120] used simplicial abelian groups to defined the twisted quadratic Q-groups 
(3*(C, 7,e) of a chain e-bundle (C, 7), to fit into the exact sequence 

...^g"+i(C,e) Q„(C,7,e) — Q"(C,e) Q"(C,6)^... . 

The morphisms 

: Q"(C,e) -^Q"(C7,e) J^^ , (J^0), = J(^) - (0o)^°(5"7) 

are induced by a morphism of simplicial abelian groups, where 

5" : g°(C°~*,e) Q"(C"-*,e); = 0,_„} 

are the n-fold suspension isomorphisms. 

The Kan-Dold theory associates to a chain complex C a simplicial abelian group 
K{C) such that 

n^KiC)) = . 
For any chain complexes C, D a simplicial map / : K{C) K{D) has a mapping 
fibre K{f). The relative homology groups of / are defined by 

H^f) - n.-i{Kif)) 
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and the fibration sequence of simplicial abelian groups 

K{f) ^ K{C) — ^ K{D) 

induces a long exact sequence in homology 

• • • ^ ^ H^{D) ^ HM) ^ H^-i{C) ^ . . . . 

For a chain map f : C ^ D 

K{f) = K{C{f)) . 

The applications involve simplicial maps which arc not chain maps, and the triad 
homology groups: given a homotopy-commutativc square of simplicial abelian groups 



K{C) ^K{D) 



$ : 




K{E) ^ K{F) 



(with denoting an explicit homotopy) the triad homology groups of $ are 

the homotopy groups of the mapping fibre of the map of mapping fibres 

= TT,_i{K{C ^ D) ^ K{E ^ F)) 

which fit into a commutative diagram of exact sequences 



i i i i 

> Hr,+i{D) i/„+l(C ^ D) Hr,{C) ^ Hr,{D) ^ • • • 

I I I I 

^ Hn+i{F) ^ Hn+i{E ^ F) > Hn{E) ^ Hn{F) > • • • 

I \ \ \ 

^ Hn+l{D ^ F) if„+i($) Hn{C -^E)^ Hn{,D ^F)^--- 

\ \ \ \ 

> Hr,{D) > Hn{C ^ D) ^ Hn-l{C) ^ Hn-l{D) > • • • 

I I I I 



If i?* ($) = there is a commutative braid of exact sequences 




Hn{C ^ E) 



34 



MARKUS BANAGL AND ANDREW RANICKI 



The twisted e-quadratic Q-groups were defined in [201 to be the relative homology 
groups of a simplicial map 

: K{W'^"C) K{W°^''C) , 

with 

Q„(C,7, e) = 7r„+i(J^) . 

A more explicit description of the twisted quadratic Q-groups was then obtained in 
Ranicki |18|, as equivalence classes of e-symmetric structures on the chain e-bundle. 

Definition 2.7. (i) An e-symmetric structure on a chain e-bundle (C, 7) is a pair 
{(j),0) with e {W°^''C)n a cycle and e (^?'^°C)„+i such that 

or equivalently 

dq^s + {~lYq^sd* + i-l)^+'-^{<j)s-l + {-iyT,<j)s-l) = : C^^Cn-r+s-l, 

4>s~4>lis-n^Q = de^ + i-iye^d* + {-iY+'{e,^i + {~iYT,e,^i) -. c^^c^^r+s 

(r,s e Z,0s for s s; -1) . 

(ii) Two structures ((/>, 6*) and {4>',0') are equivalent if there exist f G {W^''C)n+i, 
?7 G (M?^°C)„+2 such that 

d^ ^ 4>' -cf>, drj ^ 0' -0 + J(0 + (^0, 00, 0o)^"(^"7) , 

where (Co, 0o, ^^o)^" : (W^^°C-*)„ (vi?°''"C)„+i is the chain homotopy from (0n)^" to 
{<j)'of" induced by Co- (See [EI 1.1] for the precise formula). 

(iii) The n-dimensional twisted e-quadratic Q-group Qn{C,"f, e) is the abelian group 
of equivalence classes of n-dimensional e-symmetric structures on (C, 7) with addition 

by 

(0,0) -f (</>', 0') - ((/) + 0^0 + ^?' + C) , where Cs = 0o7s-„+i0o . 

□ 

As for the ±e-symmetric and ±e-quadratic Q-groups, there are defined skew- 
suspension isomorphisms of twisted ±e-quadratic Q-groups 

S : g„(C,7,e) — Q„+2(C,_i, 7, -e) ; ({0.}, R}) ^ ({0.}, R}) . 

Proposition 2.8. (i) The twisted e-quadratic Q-groups Q^{C,"f,e) are related to the 
e-symmetric Q-groups Q*{C,e) and the e-hyperquadratic Q-groups Q*{C,e) by the 
exact sequence 

• • • ^ g"+i(C, e) ^ Q„(C, 7, e) ^ Q-{C, e) ^ Q-{C, e) . . . 

with 

: Q"+i(C,e) ^Q„(C,7,e) ; 0^{O,0), 
: Q„(C,7,e)^Q"(C,e) ; (0,^)^0. 
(ii) For a chain e-bundle (C, 7) such that C splits as 

00 

c = J2 ^(*) ' 

2 — — 00 
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the e-hyperquadratic Q-groups split as 

oo 

i—~oo 

and 

oo oo 
i— — oQ i— — oo 

The twisted e-quadratic Q-groups of (C, 7) fit into the exact sequence 

•••^EQ«(C(*),7«,e) Q„(C,7,e) E Hn{C{t) C^Ja C{j)) 

i i<j 

a 



EQn-i(C«,7«,e) 



with 



p : Q„(C,7,e)^ E^^n(C(i)®AC(j)) ; ^) ^ E (P« ® P(j))('/'o) 

{p{i) — projection : C C{i)) , 
9 = : EQn(C(«),7(*),e) ^ Q«(C,7,e) , 

{q{i) — inclusion : C{i) C)) , 
9 : Eff«(C^W®AC(j))^EQn-i(C(z),7«,e) ; 

E - E(0, E M^)°''>"7(j))) j) : cur-* - C'(z)) . 

l<j I l<j 

Proof, (i) See Weiss |2D1- 

(ii) See Ranicki [H p.26]. □ 

Example 2.9. The twisted e-quadratic Q-groups of the zero chain e-bundle (C, 0) 
are just the e-quadratic Q-groups of C, with isomorphisms 

Qn{C, e) ^ Q„(C, 0, e) ; V ^ ((1 + T)^, 0) 

defined by 

[0 ifs^O, 
and with an exact sequence 

. . . ^ Q"+i(C, e) ^ Q„(C, e) ^ Q"(C, e) ^ Q"(C, e) ^ . . . . 



□ 



For e = 1 we write 

chain f-bundlc = chain bundle , Q„(C, 7, f) — Q„(C, 7) 
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2.3. The Algebraic Normal Invariant. Fix a chain e-bundlc {B, (3) over A. 

Definition 2.10. (i) A [B, f3)-structure (7, 0, 6, g, x) on an n-dimensional (e-symmetric, 
e-quadratic) Poincare pair {f:C^D, {Scj), ijj)) is a Spivak normal structure (7, (j), 9) 
togetlier with a chain e-bundle map 

(5,X) : (C(/),7)-^(S,/3) . 

(ii) The n- dimensional (B, (3) -structure e-symmetric L-group L{B, (3)"'{A,t) is the 
cobordism group of n-dimensional e-symmetric Poincare complexes {D, S4>) over A 
together with a (i?, /3)-structure {'j,4',9,g,x) (so {C,ip) = (0,0)). 

(iii) The n-dimensional (B, (3) -structure e-hyperquadratic L-group L{B, f3)"'{A,e) is 
the cobordism group of n-dimensional (e-symmetric, e-quadratic) Poincare pairs (/ : 
C ^ D, {S(f), over A together with a {B, /3)-structure (7, 0, 6, g, x)- O 

There are defined skew-suspension maps in the (B, /3)-structure e-symmetric and 
e-hyperquadratic L-groups 

S : L(i?,/3}"(A,e) ^L(B,_i,/3,_i)"+2(A,-e) , 

S : i(i?,/3}"(A,e) ^2(i?,_i,/3,_i)"+2(A,-e) 

given by C 1-^ C*_i on the chain complexes, with (i?*_i, /3*_i) a chain (— e)-bundle. 
We shall write the 4-periodic versions of the (S, /?) -structure L-groups as 

/?}"+'**( A e) = lim L(B,/3}"+4'=(A,e) , 

k—>-OG 

L{B,(3Y'+^*{A,e) = lim i(B,/3}"+4'^'(A,e) . 

k — >oo 

Example 2.11. An (e-symmetric, e-quadratic) Poincare pair with a (0, 0)-structure 
is essentially the same as an e-quadratic Poincare pair. In particular, an e-symmetric 
Poincare complex with a (0, G)-structure is essentially the same as an e-quadratic 
Poincare complex. The (0,G)-structure L-groups are given by 

L(0,0)"(Ae) = Ln{A,e) , L(0,0)"(Ae) = 0. 

□ 

Proposition 2.12. (Ranicki [H §7]) 

(i) An n-dimensional e-symmetric structure {4>,0) G Qn{B , (3,e) on a chain e-bundle 
{B, P) determines an n-dimensional {e-symmetric, e-quadratic) Poincare pair (/ : 
C^D,((50,V')) with 

f = proj. : C = C(0o : S"-* ^ S),+i D ^ B"-* , 
, _ f Oo \ 

I ^ f S-s 

Cr = B'-+^ (B Bn^r ^ Cn-r-s~l = B„_._s © 5"+^ + ' (O 1) , 
6^s = (3s-n ■■ ^ Bn-r ^ Dn-r+s = B"-' {s ^ 0) 

(up to signs) such that {C{f),^) ~ {B,j3). 

(ii) An n-dimensional {e-symmetric, e-quadratic) Poincare pair {f : C D, {54>,ij}) S 
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e)) has a canonical equivalence class of 'algebraic Spivak normal structures' 
(7, (j), 9) with 7 a chain e-hundle over C{f) and (0, 9) an n- dimensional e-symmetric 
structure on 7 representing an element 

i^,9)eQn{Cif),j,e) . 

The construction of (i) applied to {(f), 9) gives an n-dimensional {e-symmetric, e- 
quadratic) Poincare pair homotopy equivalent to {f : C ^ D, {d(j),ip) G Q^{f,e)). 

Proof, (i) By construction. 

(ii) The equivalence class — 5<t)/{\ + T^)%}j e Q^{C{f)) is given by the algebraic 
Thorn construction 



Ho 0^ 

'5<t)i ^ 

. (l+T,)Voy 



if s = 



if s = 1 



0, 



such that 



if s ^ 2 

oy 

C{fY — © ^ > C{f)n-r+s — Dn~r+s © C'n-r+s-l i 



00 : C{f) 



C{f) ■ 



The equivalence class 7 e Q^{C{fY' *,e) of the Spivak normal chain bundle is the 
image of (50, ip) £ e) under the composite 



Q'\D,e) 



Q^\C{fr-*,e) 



Q\C{ff-\e) 



□ 



Definition 2.13. (i) The boundary oi an n-dimensional e-symmetric structure (0, 9) S 
Qn{B, [3, e) on a chain e-bundle (-B, /3) over A is the e-symmetric nuU-cobordant {n—1)- 
dimensional e-quadratic Poincare complex over A 

d{(t,,9) = (C» 

defined in Proposition 12. 121 (i) above, with C = C(0o : B"~* 

(ii) The algebraic normal invariant of an n-dimensional (e-symmetric, e-quadratic) 
Poincare pair over A {f : C D, {Scj), -0) £ Q?i{f, ^)) is the class 

(0,0) eQ„(C(/),7,e) 
defined in Proposition 12. 121 (ii) above. □ 

Proposition 2.14. Let {B,(3) be a chain e-bundle over A such that B is concentrated 
in degree k 

B : >0^ Bk^O^ ... . 

The boundary map d : Q2k{B,(3,e) L2k-i{A,e) sends an e-symmetric structure 
{4',9) G Q2k{B, l3,e) to the Witt class of the {—1)''^^ e-quadratic formation 

'1 - /30^ 



9(0,0) = (i^(_l).-l,(i?'^);i?^im( 



B" ^B^® Bk)) 



38 



MARKUS BANAGL AND ANDREW RANICKI 



with 

the hyperbolic {—1)^^^ e-quadratic form. 



1 




Proof. The chain e-bundle (equivalence class) 

/3eQ°(B°"*,e) = H\l2]S{Bk),e) 

is represented by an e-symmetric form {Bk,P). An e-symmetric structure {4>,0) S 
Q2k{B, P,e) is represented by an (—1)'^ e-symmetric form (B'^^ip) together with 9 G 
S{Bk) such that 

(b-(j)f3(j) = e+{-lfee*eH°{Z2;S{B''),{-l)h). 

The boundary of (0,0) is the e-symmetric null-cobordant {2k — l)-dimensional e- 
quadratic Poincare complex d{(j),9) = (C, V') concentrated in degrees k — l,k corre- 
sponding to the formation in the statement. □ 

Proposition 2.15. Let {B,(3) be a chain e-bundle over A such that B is concentrated 
in degrees k,k + I 

B : > ^ Bk+i Bk^O^... . 

The boundary map d : Q2k+i{B, (3,e) L2k{A,e) sends an e-symmetric structure 
{(f>,0) e Q2k+i{B, /3,e) to the Witt class of the nonsingular {—l)''e- quadratic form 
over A 

( -d* \ f9o 0o\ 

(coker( 0S ] ■B''^ B''+' ® B^+i ® S'^), 1 pl^,^^ d* \ ) . 

\i- (3.2kd4>i) yo 0/ 

Proof. This is an application of the instant surgery obstruction of 15 , 4.3] , which iden- 
tifies the cobordisni class (C, -0) G L2k{A^e) of a 2fc-dimensional e-quadratic Poincare 
complex (C, ■0) with the Witt class of the nonsingular e-quadratic form 

- (-kcr(((_^).4\^^)J:C-^^C'=eC.,,),(t" [j))- 

By Proposition 12.61 the chain e-bundle /3 can be taken to be the cone of a chain 
e-bundle map 

(rf,/3-2fc-2) : (Bfe+1,0) (Bfc,/3_2fc) 

with 

PUk = (-l)'e/3-2fc : Bk^B\ 

d*P^2kd = /3-2fe-2 + (-l)''e/5*2fc-2 : ^fe+i ^ 5''+' - 
il3-2kd : Bk+i ^ B^ 
[0 : Bk B'^+i . 

An e-symmetric structure (0,0) £ Q2k+i{B , P, e) is represented by A-module mor- 
phisms 

00 : ^ Bk+i , 00 : B^+i ^ Bk , 0i : 5^+^ ^ Bk+i , 



2fc-l 
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such that 

d(f>a + {-l)^^ad* ^ : B'^ Bk , 

00 - £05 + = 0:5^-^ Bk+i , 

01 + (-l)'+'e0| - : B^'+i ^ Bk+i , 

00 - 0o/3-2fcd05 = i-l)''Ood* - 0-1 - e91, : S^' ^ B^+i , 

00 = dOo - B-x - £0*1 : B'^+i ^ Sfc , 

-0o/3-2fc-205 - 0-2 + (-l)''^+i£r2 : Bf'^Bk, 

0i-0o/3-2fe05 = 00 + (-l)''£0o* : Bf^+^^Bk+i. 

The boundary of (0, 9) given bv l2.13l fi) is an e-symmetric null-cobordant 2fc-dimensional 
e-quadratic Poincare complex 9(0, 9) = (C, V') concentrated in degrees k — 1, k, k + 1, 
with I{C\tp) the instant surgery obstruction form H2.15|l in the statement. □ 

The e-quadratic L-groups and the (_B, /3)-structure L-groups fit into an evident 
exact sequence 

■■■-^Lr,{A,e)^L{B,pr{A,e)^L{B,pr{A,e) -JU L,,^,{A, e) ^ . . . , 
and similarly for the 4-periodic versions 

•••^L„(A,e)->L(B,/3)"+4*(A,e)^£(B,/3)"+4*(A,e) L„_i(A, e) ^ . . . . 

Proposition 2.16. (Weiss j^ l 

(i) The function 

Qn{B,P,e)^L{B,pr+^*{A,e) ; (0, 0) ^ (/ : C ^ I?, (50, V)) {I21(ii)) 

is an isomorphism, with inverse given by the algebraic normal invariant. The e- 
quadratic L-groups of A, the ^-periodic {B, (3) -structure e-symmetric L-groups of A 
and the twisted e-quadratic Q-groups of {B,(3) are thus related by an exact sequence 

• ■ • ^ L„(A, e) L{B, /3}"+4*(A, e) g„(i?, e) ^ L„-i(A, e) ^ . . . . 

(ii) The cobordism class of an n- dimensional {e-symmetric, e-quadratic) Poincare pair 
{f : C D, {d4>,ip)) over A with a [B , (3) -structure (7, 0, 0, g, x) is the image of the 
algebraic normal invariant {4i,9) G (5„(C(/), 7, e) 

U -C ^D,{5<P,i;)) = (g,x)%(0,0) eg„(S,/3,£) • 

Proof. The e-symmetrization of an n-dimensional e-quadratic Poincare complex (C, tp) 
is an n-dimensional e-symmetric Poincare complex (C, (1-f Te)?/') with (_B, /5)-structure 
(0,(1+T)V, 0,0,0) given by 

^ _ f -0-5-1 e HomA(C"*,C)„+s+i ifs^-1 
^ ~ [0 if s ^ . 

The relative groups of the symmetrization map 

1 + T, : L„(A,e)^L(B,/3)"(A,£) ; (C, ^) ^ (C, (1 + re)0) 

are the cobordism groups of n-dimensional (e-symmetric, e-quadratic) Poincare pairs 
{f : C ^ D, {5(j), V)) together with a {B, /3)-structure (7, 0, 0, 5, x). □ 
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Proposition 2.17. Let {B,(3) be a chain e-bundle over A with B concentrated in 
degree k 

B : Bk^O^ ... 

so that p G e) = H°{Z2; S{B''), (-l)'=Te) is represented by an element 

The twisted e-quadratic Q-groups Qn{B, (3, e) are given as follows. 

(i) For rij^ 2k -1,2k 

Q„{B,p,e) = Q„{B,e) 

'Q"+i(B,e) = ^"-2'=+i(Z2;6'(B'=),(-l)*^T,) ifn^2k + l 

ifn^2k-2 

(ii) For n = 2k 

9) e SjB^) ® SjB") I ^ ^ {-irer,ct> - 0/3-2fc0* ^ 9 + (-l)''^^} 
^''^ ' ^' {(0, V + (-l)'=+ier?*) I V e 5(5'=)} 

wii/i addition by 

{ci>,e) + {cj>',e') = {ct> + cj>',e + e' + ci>'i3-2k(t>*) ■ 

The boundary of{(j),9) € Q2k{B, (i,e) is the (2k — 1)- dimensional e-quadratic Poincare 
complex over A concentrated in degrees k—1, k corresponding to the {—1)'^'^^ e-quadratic 
formation over A 

(iii) For n — 2k — 1 

Q2k-i{B,p,e) = coker{j0:Q^HB,e)^Q^HB,e)) 

{aeS{B'')\(7={-l)''e(7*} 



{<P - (p(3-2k'P* -{9 + {-l)>'e9*) I = (-l)fee<^*, e 5(5^)} " 



The boundary of a e Q2k-i{B, (i,e) is the {2k — 2) -dimensional e-quadratic Poincare 
complex over A concentrated in degree k — 1 corresponding to the {-l^^^ e-quadratic 
form over A 



with 



(iv) The maps in the exact sequence 

O^Q^k+i^B,e) ^ Q2k{B,M ^ Q^\B,e) 

Q^k{B,e) Q2fc-i(B,/3,e)^0 
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are given by 

Hp : Q-'^+^{B,e) = H\Z2;S{B^),{-lfT,)^Q2k{B,l3,e) ■ e^{{),e) , 

Np : Q2k{B,P,e)^Q^'^{B,e) = H^{'L2;S{B^)A-lfT,) ■ {^,9) ^ cf, , 

Jp : Q^'^{B,e)^H^{'L2\S{B^),{-lfT,)^Q^\B,e)^H\Z2;S{B^)A-lfT,) ; 

(j)^ (j)- (I)i3_2k<i>* , 

Hp : Q-'\B,e)^H\Z2;S{B'^),{-lfT,)^Q2k-i{B,l3,e) ■ a^a . 

□ 

Example 2.18. Let (A', A) be a nonsingular e-synimetric form over A, which may be 
regarded as a 0-dimensional e-symmetric Poincare complex {D, cj)) over A with 

= \ : = K ^ Do = K* . 

The composite 

Q\D,e) = H\Z2;S{K),e) -U Q\D,e) ^ Q°P°-*,e) 
sends G Q''\D, e) to the algebraic Spivak normal chain bundle 
jeQ"{D"-*,e) = H\'L2;S{K*),e) 

with 

70 = eX-^ : Do = K* ^ = K . 

By Proposition Elm 

^ ,^ , {{K,0)eS{K)®S{K)\K = eK*,K-K-foK* = + ee*} 

Qo[D,j,e) = — — - — ofK-w 

{(0,?7-e77*)|r/e S{K)} 

with addition by 

{K,e) + {K',e') = (K + K',0 + e' + K'7oK*) . 

The algebraic normal invariant of {D, (p) is given by 

((/.,0) GQo(i?,7,e) • 

□ 

Example 2.19. Let ^ be a ring with even involution (|1.4|) . and let C be concentrated 
in degree k with Ck = A^' . For odd k — 2] + \ 

Q\C''-*) - 

and there is only one chain e-bundlc 7 = over C, with 

'©i/°(Z2;A) if 71 ^ 4j + 2, n = O(mod 2) 

otherwise . 



g„(C,7) = Qn{C) 
For even k = 2j 
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a chain e-bundle 7 E Q°(C° *) is represented by a diagonal matrix 









/xi 


... 0\ 










a;2 


... 








7 = X = 


^3 


... 


e Sym^(A) 








\0 


■ ■ ■ '^r j 




with 




Xi £ ^, and there is 


defined an exact sequence 






= o^g4j(c,7)^< 






(34j-i(C,7) 



with 

: q4,(^) = Sym,(A)^g4^ (C) = ^^^^ ; M ^ Af - MXM , 

so that 

'©ijO(Z2;A) ifn^4j + l 

and n = l(mod 2) 

{M e Sym^(A) I Af - MXM 6 Quad^(A)} if n = 4j 

A/^(A)/{Af - MXM -{N + TV*) I M G Sym^(A), G A'/^(yl)} if n = 4j - 1 
otherwise . 

Moreover, Proposition (ii) gives an exact sequence 

r r 

O-^0Q4j(S,a;,) ^Q4, (C,7) ^ ^ ^ Q4,-i(S, x,) ^ ^4,-1(^,7) ^ 

i=l r(r-l)/2 i=l 



with B concentrated in degree 2j with _B2j = A. 



□ 



2.4. The Relative Twisted Quadratic Q-groups. Let (/,x) : (C,7) (Djf^) be 
a map of chain e-bundles, and let (0, 9) be an rt-dimensional e-symmetric structure 
on (C,7), so that x € (M?^°C)i, ^ G and G (T?^"C)„+i. Composing the 

chain map (f>Q : C"'~* C with /, we get an induced map 

The morphisms of twisted quadratic Q-groups 

(/,X)% : Q„(C,7,e)-Q„(A'5,e) ; 0) (/^" /^"(e) + (i^of"(5"x)) 

are induced by a simplicial map of simplicial abelian groups. The relative homotopy 
groups are the relative twisted e-quadratic Q-groups Qnif, X, e), designed to fit into a 
long exact sequence 



Qn(C,7,e) 



if:X)% 



QniD,S,e) — y Qn(/,X,e) — ' Qn-iiC,"f,e) 
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Proposition 2.20. For any chain e-hundle map (/, x) • (C*, 7) — > (0,6) the various 
Q- groups fit into a commutative diagram with exact rows and columns 



r+\C, e) QniC, 7, e) Q"{C, e) ^- 



r+HD,e) 



Hs 



% 



Js 



Q"(C,e) 



7, e) Q-'-HC, e) — Q""i(C, e) 



Proof. These are the exact sequences of the homotopy groups of the simphcial abeUan 
groups in the commutative diagram of fibration sequences 



K{J^) 
K{Js) ■ 



■K{W'^"C) 



Js 



with 



□ 



There is also a twisted e-quadratic Q-group version of the algebraic Thom con- 
structions ifnuirr^iT^ : 

Proposition 2.21. Let (/, x) : (C, 0) {D,S) be a chain e-hundle map, and let 
{B,(3) —C{f,x) ^6 cone chain e-hundle \2.4\j - The relative twisted e-quadratic Q- 
groups Q*{f, ^) related to the {absolute) twisted e-quadratic Q-groups Q*{B, (3, e) 
by a commutative braid of exact sequences 
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H^-i{B®A C) 



involving the exact sequence of \1.18\ 



H^{B ®A C) 



Q^{B,e)^H.n-i{B®A C) 



Proof. The identity 



determines a homotopy 



in the square 




KiW^'D) 



(with J — Jo) and hence maps of the mapping fibres 



K{C{f^)) ^ K{C{f)) , : K{J) ^ K{Js) . 



The map is related to Jf^ : K{W"'B) K{W 'B) by a homotopy commutative 
diagram 



K{W°''''B 




KiW^'B) 



with t : K{C{f"'^°)) ~ K{W'^°B) a simpUcial homotopy equivalence inducing the al- 
gebraic Thom isomorphisms t : Q*{f,e) = Q*{B,e) of Proposition 11.121 and t : 
K{C{f')) KiW'^'B) a simplicial map inducing the algebraic Thom maps t : 
Q*{f,i) Q*{B,e) of Proposition OHl with mapping fibre K{t) ~ K{B ®a C). 
The braid in the statement is the commutative braid of homotopy groups induced by 
the homotopy commutative braid of fibrations 
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y \ 

y \^ y ^ 

K{B®aC) K(C{f")) K^%B) 

F ^ \ t,/^ 



□ 



Proposition 2.22. Let (C, 7) he a chain e-bundle over a f.g. projective A-module 
chain complex which is concentrated in degrees k,k + 1 

C : . ^ Cfe+i Ck^O^... , 

so that (C, 7) can be taken (up to equivalence) to be the cone C{d,x) of a chain e- 
bundle map {d,x) ■ (C'fc+ijO) (Ck-,5) \2.b} . regarding Ck, Ck+i as chain complexes 
concentrated in degree k. The relative twisted e-quadratic Q-groups x,e) and 

the absolute twisted e-quadratic Q-groups (5,(C, 7,e) are given as follows. 
(i) For n^2k-l, 2k, 2fc + 1, 2fc + 2 



Q„(C,7, e) = Qn{d,x,e) = Qn{C,e) 

with 



Q"+i(C,e) i/n^2fc + 3 
i/ n sC 2fc - 2 



„+i,^.^ _ {(</), 0)g5(C"=+1)®5(C'=) I </.= (-ir+'=e</.*,#d*=0 + (-ir+'=er} 



{{a + {-lY+^ea\d(jd* + t + (-l)»+fe+ieT* | (cr, r) £ S'(C"=+i) ® S'(C'=)} 
as given by Provosition 

(ii) For n = 2k — 1,2k, 2k + l,2fc + 2 the relative twisted e-quadratic Q-groups are 
given by 

Qn{d,x,£) = 

( {{(p, 9) E 5(6"=+!) © Sic'') I (j) = (-!)'=€(/.*, #d* =9+ {-l)''ee*} 



if 2k + 2 

ifn = 2k + l 



{{a + {-!)'' ea*, dad* +t+ {~l)''+^eT* \ (cr, r) G S'(C"^+i) S'(C"=)} 

{{^,V) £ @ I {d,x)%W ^ (0,r;+ 

{(ct + (-l)fe+iefT*, ddd* + r + (-l)fceT*) | (a, r) £ S'(C"=+i) ® S'(C"=)} 

coker((d,x)% : Q2fc(Cfc+i) ^ Q2k{Ck,S)) if n = 2k 

[Q2k-i{Ck,6,e) if 2k -I 
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with 

{(</>, 9) e Sic'') ® SiC") I = i-l fe(l)*,(j) - cj)5(t)* = 9 + (-l)*^e6l*} 



{(0,??+ (-I)fe+ier7*) h e S'(Cfc)} 
{ae^(C'=)|a = (-l)'=efT*} 



{0 - -{9+ {-lYe9*) I = {-lY(4*,9 G S'(C"=)} ' 

'4) ^ {d{^ + (-l)'=eV'*)d*, dV-d* - + (-l)'=ei/>*)x(V'* + (-l)''eV')rf*) • 
The absolute twisted quadratic Q- groups are such that 

Q2fe-i(C,7,e) = Q2k-i{d,x,i) = Q2k-i{Ck,S,e) 
and there is defined an exact sequence 

^ Q2A;+2(d,X,e) — ^ (32fc+2(C,7,e) 

^ iJfe+i(C) ®A Cfc+i ^ Q2k+i{d,x,e) ^ (32fc+i(C,7, e) 

— ^ Q2fc(d,X,e) Q2fe(C,7,e)^0 

F : fffc(C)0ACfc+i = coker(d* :HomA(C^+\C'fc+i) ^Ho^lA(C^Cfc+l)) 
^ Q2k{d,x) ; A (Ad* + (-l)^-edA* - dA*5Ad*, 

Xd* - AxA* - dA* (5 Ax A* (5 Ad* - dX*S{Xd* + {-ifedX*) - (Ad* + (-l)'=edA*)(5dA*5Ad*) 

Proof. The absolute and relative twisted e-quadratic Q-groups are related by the 
exact sequence of l2.21l 

t F 

■ ■ ■ ^ Qn{d,Xif) *- Q„(C,7,e) i7„_fc_i(C)®ACfc+i ^ (5„_i(d, x, e) ■ ■ ■ ■ 

The twisted e-quadratic Q-groups of (Cfe+i,0) are given by Proposition 
Q„(Cfc+i,0,e) = Q„(Cfc+i,e) = H^^2k{^2\ S{C''+^),{~lfT,) 

' Hn-2k+ii^1^. 5(cfc+i)^ (-l)'=r,) if n ^ 2fc + 1 
ffo(Z2;5(C'^'+i),(-l)'=T,) ifn = 2fc 

if n < 2fc - 1 . 

The twisted e-quadratic Q-groups of {Ck,5) are given by Proposition 12. 171 
Qn{Ck,S, e) 

'^"-2'=+i(Z2; 5(C'=), (-l)'=Te) if n ^ 2fc + 1 

{(<^, 0) G 5(C"=) ® 5(C"=) I </. = (-l)'=e0*, - (/x^r = +(-l)^er} ^ ^fc 



{(0,?7+(-l)'=+ie77*)hG5(C^-)} 
{aG5(C'=)|a= (-l)'=ea*} 



if n = 2fc - 1 



{0 _ _ (6) + (-l)fee6l*) I </) = {-l)''ecj)*,9 G 5(C"^-)} 
^0 ifns;2fc-2 
The twisted e-quadratic Q-groups of (d, x) fit into the exact sequence 

. . . — > Qn{Ck+i,e) Qn{Ck, S, e) — > (3n(d, x,e) — > Qn-i(Cfc+i, e) — > . . . 
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giving the expressions in the statements of (i) and (ii). □ 

2.5. The Computation of Q^{C{X),j{X)). In this we compute the twisted qua- 
dratic Q-groups (3*(C(X), 7(^)) of the fohowing chain bundles over an even commu- 
tative ring A. 

Definition 2.23. For X e Sym^(A) let 

(C(X),7(X)) = C{d,x) 
be the cone of the chain bundle map over A 

{d,x) : {C{X)uO)^{C{X)o,S) 



defined by 



d = 2 : C{X)i = A"- ^ C{X)o = A"- , 
6 ^ X : C{X)o = A'- C{Xf = A"- , 
X ^ 2X : C{X)i = A' C{Xy ^ A"- 



□ 



By Proposition 12.61 everv chain bundle (C, 7) with Ci = A'' -^-^ Co = A'' is of 
the form (C(X),7(X)) for some X = ixij) G Sym^(yl), with the equivalence class 
given by 

7 = 7(X) = X = (a:ii,X22, ■ • ■ 

The 0th Wu class of (C(X), ^iX)) is the A-module morphism 
«o(7W) : ii^{C(X)) = {A-,Y ^R\l.^-A)- 

r r 

a = (ai, a2, . . . , flj.) ^ aXa* = Yl, aiXijUj = Yl,{ai)'^Xii . 

i=l i=l 

In Theorem 12.301 below the universal chain bundle {B^,P^) of a commutative even 
ring A with H^{Ij2]A) a f.g. free A2-module will be constructed from {C{X),^{X)) 
for a diagonal X G Sym^(A) with vq{'-i{X)) an isomorphism, and the twisted qua- 
dratic Q-groups Q^,{B^,(5^) will be computed using the following computation of 
Q^{C(X), -f{X)) (which holds for arbitrary X). 
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Theorem 2.24. Let A be an even commutative ring, and let X G Syni^(v4). 
(i) The twisted quadratic Q-groups of {C{X),"f{X)) are given by 

Q„(C(X),7(X)) = 

ifn^-2 



ijn = -1 
if n — 



Quad^(A) + {M- MXM \ M G Syin^(^)} 

{M £ Sym^(A) | M - MXM g Quad^(A)} 
4Quad^(^) + {2(A^ + TV*) - AmXN \ N e M,.(A)} 

{TV (£MriA)\N + N* e 2Sym^(A), 1-{N + N*) - N^XN e Quad J A)} 
r-r. ifn = l 

Sym^(A) 



ifn^2 



^ Quad,, (A) 

(ii) The boundary maps d : QniC{X),^{X)) — > Ln-i{A) are given by 
d : g_i(C(X),7(X)) ^ i_2(A) ; M ^ (A^ ® (A^)*, (^^^ , 

d : Qo(C(X),7(X))^L_i(A) ; M ^ {H^iA^; A^ ' ^^^^ : A^ A^ (S (An*)) , 

a : Q,iCiX)MX))->L,iA);N^iA^^Ar(\(^ + ^'-^^'^^) ^'^^A). 

V -2X / 

(iii) The twisted quadratic Q-groups of the chain bundles 

{B{z),m) = (C(X),7(X)),+2, (*eZ) 
are just the twisted quadratic Q-groups of (C(X),7(X)) with a dimension shift 
g„(i?(j),/3(i)) - Qn-i^{C{X),^{X)) . 

Proof, (i) Proposition [^22 (i) and Example 1 1.1 41 give 

fO if n < -2 

I, Quad,. (A) 

For -1 ^ n < 2 Examples 0111201 EH and Proposition ^21 (ii) show that the 
commutative diagram with exact rows and columns 



GENERALIZED ARE INVARIANTS IN ALGEBRAIC L-THEORY 



49 



Q\C{X)^) Q\C{X\) — ^ <3o(C(X)i) Q\C{X\) 



W x)% 



gi(C(X)o) Qi(C(X)o) go(C(X)o,<5) ^ 0°(C(X)o) ^ 0°(C(X)o) 



Qi(d) 



•Qo(c?,x) 



is given by 




^ Quad^(A) > Sym^(^) 



QoiC{X)o,6)^Sym,iA) 



Sym^{A) 
Quadr(A) 



Js Sym^(A) 
Quad^(A) 

1 



(3o(c^,x) 



Sym,.(A) Sym^(A) 



Sym,(A) 



Sym^(A) 
Quadr(A) 



4Sym^(A) Quad^(A) 



-^0 



-^0 



with 



Js : Sym^(^) ^^'"r^/^.l ; M M - MXM , 
Quad^(A) 

Qo{C{X)o,S) = kcT{Js) = {Af eSym^(A)|M-MXMGQuad^(^)} , 
Qo{d,x) = coker((d,x)% : Oo(C(X)i) ^ Qo(C(X)o,5)) 
{M G Sym^( A) I M - MXM e Quad^( A)} 



iV;, : Qo{d,x)-Q°id) = 



4Quad^(^) 
Syni,(A) 



4Syni,(A) 

Furthermore, the commutative braid of exact sequences 
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Q\C{X)) 



QHCiX)) 



QoiC{X),j{X)) H_,{C{X)^aC{X),) 



Qo{d,x) 



Q%C{X)) 



}%CiX)) 



is given by 



Q\C{X)) 




Mr{A) 
2Mr{A) 



Qo{C{X),j{X)) 



Sym^(A) 
4Syni,(A) 



Sym^(A) 
2Quad^(^) 



Sym,. (A) 
Quad^(A) 



with 



Syni^(A) 
2Quad^(^) 

Sym^(j4) 



J, 



Q°(C(X)) ; M^cj) (where = M : C° ^ C'(^)o) , 

Sym,r(j4) 



^^^^ ■ 2Quad^(A) ' Quad^(A) 

Mr{A) 



M^M- MXM 



HoiCiX) C(X)i) 



Qo{d, x) ; N^2{N + N*) - 4N*XN 



2MriA) 

Q\C{X)) = kev{N^F : Ho{C{X) ^aC{X)i) ^ Q°{d)) 

{N g MrjA) \N + N* e 2Synv(A)} 

2MriA) 

(where cp G Q^{C{X)) corresponds to = 0o G Mr{A)) , 



^^■,N^liN^N^)-N^XN. 
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It follows that 



M (A) 

Qo{C{X),^{X)) = cokcr(F : ^^^^ ^ Qo(d,x)) 

{M eSym^{A)\M - MXM eQuad^{A)} 
4Quad,,(A) + {2{N + iV*) - AN^XN \ N e Mr{A)} 

g_i(C(X),7(X)) = Q_i(d,x) 

= coker(J^(^) : Q'{C{X)) ^ Q0(C(X))) 

_ Sym^(A) 

Quad^(A) + {M - MXAf I A/ e Synv(^)} 

Q\CiX)) = ^^^^^Qo(C(X),7(X)) ; AfK.4Af, 
Also 

(d,x)"/o = : Q2{d,x) = Qi{C(X),) - ^y'^riA) 



with 



Quad^(A) 

Q\C{X)) = keriN^F : Ho{C{X) ®AC{Xk) ^ Q^{d)) 

{N € MrjA) \N + N* e 2Sym^(A)} 
2A/^(A) 

J,^x) ■■ Q\C{X))^Q\C{X)) = ^^diA) -^N^liN + N^)^ N^XN , 
Qi(C(X),7(X)) = ker(J^(x) : QHC{X)) ^ QHC(X))) 

{N e Mr{A) \N + N* e 2Sym^(A), ^{N + N*) - N^XN G Quad^(A)} 



UC{X),j{X)) = Q,{d,x) 



2Mr{A) 

Sym^(A) 



Quad^(A) 

(ii) The expressions for d : Qn{C{X),j{X)) L„_i(A) are given by the boundary 
construction of Proposition 12 . 1 Jl and its expression in terms of forms and formations 
H2.14I I2.15|) . The form in the case n = — 1 (resp. the formation in the case n = 
0) is given by 12.151 (resp. I2.14|l applied to the n-dimensional symmetric structure 
(0,6') G QniC{X),j{X)) corresponding to Af G Sym^(yl). For n = 1 the boundary 
of the 1-dimensional symmetric structure (0,6*) G Qi{C{X),j{X)) corresponding to 
N G Mr (A) with 

N + N' E 2Sym,.(^) , ^{N + N*) - N'XN e Quad^(A) 
is a 0-dimensional quadratic Poincare complex (C, tJj) with 



C = C{N : C{Xy-* C{X)) 



'+1 
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The instant surgery obstruction l|2.15(l is the nonsingular quadratic form 

(iV + iV* - 2NXN^) 1 N ' 

-2X 2 

V 0, 




(coker( iV* \ : A"- A"- ® A"- ® A"-) , 
\1 + 2XN*J 

such that there is defined an isomorphism 

N' 1 N') ^ *) - <-^'»^ ■ (> " '"*™' ' -jr) ) 

(iii) The even muhiplc skew-suspension isomorphisms of the symmetric Q-groups 

S^' : Q"'^\C{X),+2^) Q"{C{X)) ; {0, | O 0} ^ {<^,, | s ^ 0} £ Z) 

are defined also for the hyperquadratic, quadratic and twisted quadratic Q-groups. □ 

2.6. The Universal Chain Bundle. For any A-module chain complexes B, C the 
additive group Ho{ilomA{C, B)) consists of the chain homotopy classes of ^-module 
chain maps f : C B. For a chain e-bundle {B, (3) there is thus defined a morphism 

H^{no^A{C,B)) Q°{C°-\e) ; [f : C ^ B) ^ J* {fi) . 

Proposition 2.25. (Weiss 20 ) (i) For every ring with involution A and e ~ ±1 
there exists a universal chain e-bundle {B^'"^ , P^''^) over A such that for any finite J. g. 
projective A-module chain complex C the morphism 

ifo(Hom^(C,i?^-))^Q°(C°^*,e) ; {f C ^ B^'^) ^ f {(i^^^) 

is an isomorphism. Thus every chain e-bundle (C, 7) is classified by a chain e-bundle 
map 

{f,x) ■■ (C,7)-(S^^/3^'^) . 

(ii) The universal chain e-bundle {B^''^ , (3^''^) is characterized {uniquely up to equiv- 
alence) by the property that its Wu classes are A-module isomorphisms 

: Hk{B^'') H\'L2;A,e) {k e Z) . 

(iii) An n-dimensional [e-symmetric, e-quadratic) Poincare pair over A has a canon- 
ical universal e-bundle {B^''^ ^ fi^'"^)- structure. 

(iv) The 4-periodic {B^''^ ^ (3^''^) -structure L-groups are the 4-periodic versions of the 
e-symmetric and e-hyperquadratic L-groups of A 

L(B^'%/3^^^}"+4*(A,e) = L"+4*(A,e) , 
i(B^^%^^^^)"+4*(A,e) = L"+4*(A,e) . 

(v) The twisted e-quadratic Q-groups of [B^'"^ , [3^''^) fit into an exact sequence 

• • • ^ Ln{A, e) L"+4*(A, e) ^ Q„(B■^■^ /3^■^ e) ^ i„-i(A, e) ^ . . . 

with 

d : g„(i?^^^/3^■^e)^L„-l(Ae) ; (^,0)^(C7,^) 
given by the construction of Provosition W.liA (ii). with 

C = C{4>Q : {B^'^-* ^ B^-%+1 etc. 
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□ 

For e = 1 write 
and note that 

In general, the chain ^-modules B^'"^ are not finitely generated, although B"^''^ is a 
direct limit of f.g. free ^-module chain complexes. In our applications the involution 
on A will satisfy the following conditions : 

Proposition 2.26. (Connolly and Ranicki ^3 Section 3.6]) 

Let A be a ring with an even involution such that H^{'L2\A) has a 1- dimensional f.g. 
projective A-module resolution 

O^Ci Co H°{Z2;A) ^ . 

Let (C, 7) = C{d,x) be the cone of a chain bundle map (d, x) : (CijO) —^ (Co, (5) with 

vo{6) = X : Co^H°iZ2;A) 

and set 

{B^{i),p^{i)) - (C,7)*+2. (*eZ) . 

(i) The chain bundle over A 

iB^,f3^) ^ 0(i?^(^),/3^(^)) 

i 

is universal. 

(ii) The twisted quadratic Q-groups of {B^ , [3^) are given by 

'Qa{C,j) i/n = 0(mod4) 

yA ^A-, _ J ker(J^ : Qi(C) gi(C)) i/n = l(mod4) 

i/n = 2(mod4) 

,Q_i(C,7) z/n = 3(mod4). 

The projection {B^,P^) (i?"^(2j), /3"^(2j)) induces isomorphisms 

iQn{B^{2j), /3^(2j)) tfn = 4j, Aj - 1 

\ker(V(2,) : Q^{B^{2j)) ^ g"(i?^(2j))) tf n = ij + 1 . 



Proof, (i) The Wu classes of the chain bundle (C, 7)»+2j are isomorphisms 
for k = 2i,2i + 1. 

(ii) See jTH] for the detailed analysis of the exact sequence of l2.8l (ii) 

00 

•••^ E Qn{B^{^),^}^{^))^Qn{B^,|3^)^EHn{B^{^)^AB^{J)) 

i— — oo i<j 

00 

^ E Q„_i(i?^(*),/3^(*)) 



As in the Introduction 



□ 
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Definition 2.27. A ring with involution A is r-even for some r ^ 1 if 

(i) A is commutative, with the identity involution, 

(ii) 2 G A is a non-zero divisor, 

(iii) i/"(Z2; A) is a f.g. free ^2-module of rank r with a basis {xi = 1, X2, • ■ ■ , a;^}. 

□ 

Example 2.28. Z is 1-even. □ 

Proposition 2.29. // A is 1-even the polynomial extension A[x] is 2-even, with 
= ^2[2^] a*^^ {Ij^:} an A2[x]-module basis of H'^{1a2', A[x]). 

oo 

Proof. For any a = X) '^i^'^ ^ ^[^] 

i=0 

oo 
oo 

= J2 a^x^' e A2[x] . 

The A2[x]-module morphism 

A2[x](BA2[x]^H''{Z2;A[x]) ; (p, g) ^ + 

is thus an isomorphism, with inverse 

^ 00 00 00 

H°{l2;A[x]) A2[x]®A2[x] ; a = ^ a^a;* 1-^ 02^0;^ ^ aaj+ix^') . 

□ 

Proposition 12.291 is the special case k — 1 of a general result: if A is 1-even 
and ti,t2,...,tk are commuting indeterminates over A then the polynomial ring 

A[ti, t2, ■ ■ ■ , tfc] is 2'^-even with 

{xi^l,X2,X3,...,X2^} = {(tir(i2r...(iferib=0oi-l,l^js$fc} 

an v42[ii, t2, ■ ■ ■ , ifc]-module basis of i/°(Z2; A[ti,t2, ■ ■ ■ , tk])- 
We can now prove Theorem 10.31 : 

Theorem 2.30. Let A be an r-even ring with involution. 
(i) The A-module morphism 

r 

X : A^ ^ {Z2; A) ; (oi, 02, . . . , o^) 1-^ ^(aj)^a;i 

i=l 

fits into a 1- dimensional f.g. free A-module resolution 0/ i? (Z2 ; A) 

0->Ci = A'' Co = A"- H"{l2;A) . 

The symmetric and hyperquadratic L-groups of A are 4-periodic 
L"{A) = 2."+" (A) , L"{A) = . 
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(ii) Let {C{X),j{X)) be the chain bundle over A given by the construction of ^2.2!^ 
for 

(xi ... 0\ 



X2 





G Sym^(A) 



r) 



yo 

with C(X) C(2 : A*" — > A''). The chain bundle over A defined by 

i i 

is universal The hyperquadratic L-groups of A are given by 
U'{A) = Q„(B^,/3^) = 

{M G Sym^(A) I M - MXM G Quad^(A)} 



Qo{C{X),^{X)) 



4Quad^(A) + {2{N + m) - mXN \ N G Mr{A)} 
AN^(X) ■■ QiiC{X),j{X)) ^ QHC{X))) = kcriJ^^x) ■ Q\C{X)) ^ Q\C{X))) 

{N G Mr{A) \N + N* e 2Sym^(A), ]^{N + N*) - N*XN G Quad^(A)} 

Sym^(v4) 



if n = 



l(C(X),7(X)) 



Quad^(A) + {L - LXL | L G Synv(A)} 



ifn=l 
ifn^2 

if n ~ 3 



with 



d : L^{A) ^ L^i[A) ■ M (i?_(A'-);^^im( 
d : L\A) -> Lq{A) ; N ^ {A"- ® A 
d : P{A) ^ i2(A) ; M ^ {A^^ © (A'^)*, 



1 - XM\ 
M ) 

('^{N + - 2N*XN) 1 - 2NX\ - 

V -2X J' 

M 1' 



X 



Proof. Combine Proposition II. 3UI Theorem 12 . 241 and Proposition 12 . 261 

We can now prove Theorem lU.ll : 

Corollary 2.31. Let A be a 1-even ring. 

(i) The universal chain bundle {B^,P^) over A is given by 



□ 



1 : B4 = A ^ {B^f" = A{keZ) 



-4fe — J- . ^2k 

(ii) The hyperquadratic L-groups of A are given by 

{As i/7i = 0(mod4) 
A2 z/n = l,3(mod4) 
i/n = 2(mod4) 
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with 

'1 - a 



d 


: L^{A) 


= A^- 


-i-l(A) 


d : 


: L\A) 


- 




d : 


: L\A) 


= ^2- 


- i2(A) ; 



a 



A-^A®A)) 

) ; 



a(l-a)/2 l-2a 
-2 

a 1 
1 

(iii) The map L^{A) — > L'^{A) sends the Witt class {K,X) £ L'^{A) of a nonsingular 
symmetric form {K, A) over A to 

[K,\] ^ \{v,v) e L^{A) = As 

for any v G K such that 

\{x,x) = X{x,v) e A2 {x e K) . 

Proof. (i)+(ii) The A- module morphism 

is an isomorphism. Apply Theorem 12 . 301 with r = 1, = 1. 

(ii) The computation of L*{A) = Q^{B^^(i^) is given by Theorem 12.301 using the 
fact that a — a^^ 2 A {a e A) for a 1-even A. The explicit descriptions of d are special 
cases of the formulae in Theorem l2.24l (ii). 

(iii) As in ExamDlc l2 . 1 SI regard (K, A) as a 0-dimensional symmetric Poincare complex 
(Z?, 0) with 

(f>o = eX-^ : = K ^ D° ^ K* . 

The Spivak normal chain bundle 7 — A^^ G Q^{D^^*) is classified by the chain bundle 
map {v,Q) : {D,j) {B^.P"^) with 

g : Da = K* ^ A) ; x ^ {x , x) = x{v) . 

The algebraic normal invariant (0,0) G Qo{D,"f) has image 

5%(<^,0) = Xiv,v)eQo{B^,P^) = As. 



□ 



Example 2.32. For i? = Z 



{Zg ifn = 0(mod4) 

Z2 if n = l,3(mod4) 

ifn = 2(mod4) 

as recalled (from ^S]) in the Introduction. □ 

3. The Generalized Are Invariant for Forms 

A nonsingular e-quadratic form {K, ^j) over A corresponds to a 0-dimensional e- 
quadratic Poincare complex over A. The 0-dimensional e-quadratic L-group La{A, e) 
is the Witt group of nonsingular e-quadratic forms, and similarly for L°(yl, e) and 
e-symmetric forms. In this section we define the 'generalized Arf invariant' 

{K,i^-L)eQ^{B^^\(3^n = L^*+\A,e) 
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for a nonsingular e-quadratic form (K, ip) over A with a lagrangian L for the e- 
symmetric form {K,tp + ctjj*), so that 

{K,i;) = d{K,tP;L)Gker{l + T:Lo{A,e)^L^*{A,e)) 

= im{d : gi(B^'%/3^'%e) ^ Lo{A,e)) . 

3.1. Forms and Formations. Givenaf.g. projective A-module ii" and the inclusion 
j : L ^ K of a, direct summand, let / : C ^ D be the chain map defined by 

C : >O^Ck = K* -^0^... , 

D : >O^Dk = L* ... , 

f = r ■ Ck = K* ^Dk = L* . 

The symmetric Q-group 

Q2fc(c) = H''{l2;S{K),{~l)^T) = {0 e I 0* = (-l)V} 
is the additive group of (~l)'^-symmctric pairings on and 

f° = S{j) : Q^\C)^Q^\D) ■ ^^m* = f^J = 0|l 

sends such a pairing to its restriction to L. A 2A;-dimensional symmetric (Poincare) 
complex (C, </> e Q^'^{C)) is the same as a (nonsingular) (— l)'^-symmetric form {K, (j)). 

The relative symmetric Q-group of / 

= {0 € S{K) I r = (-l)V e ^(i^), <^|l = e 5(L)} , 

consists of the (— l)'^-symmetric pairings on K which restrict to on L. The sub- 
module L C if is a lagrangian for (if, (/>) if and only if (p restricts to on L and 

= {x e if |</)(x)(L) = {0} C A} = L, 

if and only if (/ : C — > f, (0, 0) € Q'^'^^^if)) defines a (2fc+ l)-dimensional symmetric 
Poincare pair, with an exact sequence 

^ D^ = L C'' = K^^Dk = L* ^ . 



Similarly for the quadratic case, with 
Q2k{C) = Ha{'L2\S{K),{-lfT) , 

{{^, x) e S{K) e S{L) I = X + (-i)*=+^x* e S{L)} 



Q2k+l{f) = 



{{e + (-1)^+10*, + ly + I e G 5(if ), e 5(i:)} 

A quadratic structure %jj E Q2k{C) determines and is determined by the pair (A, /i) 
with \ = %l}+ (-1) V* e g2fe(c) and 

M : if ^iio(Z2;A(-l)') ; ^^^(:c)(3^) • 

A {2k + l)-dimensional (symmetric, quadratic) Poincare pair {f : C ^ D, {d4>,^pj) is 
a nonsingular (— l)'^-quadratic form (if, tp) together with a lagrangian L C if for the 
nonsingular (— l)'^-symmetric form (if, '0 + (^1)'^^*)- 

Lemma 3.1. Let {K,^p) be a nonsingular {—1)'^ -quadratic form over A, and let L C 
K be a lagrangian for {K,ip + (— 1)'^V*)- There exists a direct complement for L c if 
which is also a lagrangian for (if, V' + (~1)'^V'*)- 
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Proof. Choosing a direct complement L' C K to L C K write 

^ = (^Q : K = L(BL' ^ K* = L* ® {L')* 

with A : i' ^ L* an isomorphism and 

/i + (-l)V = : L^L* . 

In general u' + {—l)''{u')* 7^ : L* — > L, but if the direct complement L' is replaced 
by 

L" = {{-{X-^y{iy')*{x),x)eL(BL'\xeL'}cK 
and the isomorphism 

A" : L"^L*; {-{X-^)*{u')*{x),x) ^ X{x) 
is used as an identification then 

^ = ( ^ ^] : K = L(BL* ^ K* = L* ®L 



^0 

with u = [v'Yuv' : L* ^ L such that 

v+{-lfv* = : L* ^ L . 

Thus L" = L* C if is a direct complement for L which is a lagrangian for {K, tjj + 

(-1)'=^/'*), with 

□ 



A lagrangian L for the (— l)'^-symmetrization {K, tp + {—l)'^tp*) is a lagrangian for 
the (— l)'^-quadratic form {K^ij}) if and only if = is a (— l)'^+^-symmetrization, 
i.e. 

for some 6 G S{L), in which case the inclusion j : (L, 0) — > {K,'ij)) extends to an 
isomorphism of (— l)*'-quadratic forms 

J 7*) ■ ^(-i)^(^) = (^®^*'(o J)) ^ (^'V') 

with = i/'Il.. The 2A;-dimensional quadratic L-group L2fe(^) is the Witt group of 
stable isomorphism classes of nonsingular (—1) '^-quadratic forms over A, such that 

{K,ip) = {K',ip') e L2k{A) if and only if there exists an isomorphism 

Proposition 3.2. Given a {—!)'' -quadratic form {L,fi) over A such that 

let {B, (3) be the chain bundle over A given by 
B : ^O^Sfe+i = L^O^... , 

/3 = mgQO(SO-*) = mmA{L,H^+\Z2;A)) = ^^(Za; 5(L), (-l)'=+iT) . 
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(i) The (2k + \)- dimensional twisted quadratic Q-group of (S,/?) 

{v e S{L*)\i^ + v* = 0} 



i2k+l 



{4) - (j)iJL(j)* -{9 + (-1)^+16'*) 1 4)* = e S{L*)] 

= coker( : H^Z^, S{L*), {-if+^T) ^ H^Z^, S{L*), {-l)'^+^T)) 

classifies nonsingular [—1)^ -quadratic forms {K,ip) over A for which there exists a 
lagrangian L for (K, ip + (—1)'^'?/'*) such that 

V'Il = /iG im(i/i(Z2;5(L),(-l)'=r) ^Fo(Z2;5(L),(-l)'=T)) 

= ker(l + (-1)'=T : Ho{Z2; S{L), (-l)^-T) ^ H"{Z2; S{L), (-1)'=T)) . 

Specifically, for any [—1)^ -quadratic form {L*,v) such that 

v + {-lfv* = : L* -> L 
the nonsingular [—1)^ -quadratic form {K,ijj) defined by 

V' = In M : K = L®L* ^ K* = L* ®L 



is such that L is a lagrangian of (K, tp + and 

d : Q2k+iiB,(3) ^ L2k{A) ; ^ (if , V) ■ 

(ii) The algebraic normal invariant of a {2k + 1)- dimensional (symmetric, quadratic) 
Poincare pair (f : C ^ D, (d4>,ip)) concentrated in degree k with 

Ck - K* , Dk = L* , 

fij^f* = fie kcr(l + (-l)^T : Ho{Z2; S{L), (-1^ ^ H°(Z2; S(L), (-l)^T)) 
is given by 

(0,0) = z^eQ2fe+i(C(/),7) = Q2k+i(B,p) 

with 

Vk+ii-f) = Vk+m ■■ L = Hk+i(f ) - Hk+i(B)^H''+\Z2\A) ; x ^ fi{x)(x) 

and V = V'U* ^'ifi restriction of tp to any lagrangian L* C K of (K,ip + (^l)'^ip*) 
complementary to L. 

Proof, (i) Given (— l)'^+-^-synimetric forms (L*,v), {L*,(t)) and 9 G S{L*) replacing v 

by 

v' = iy + (l)~(j>fi(l)* -(9+(-l)''+^9*) -.1*^1 
results in a (— l)'^-quadratic form (K^ip') such that there is defined an isomorphism 



(J ^l) ■■ (K,r)^iK,4^) 



which is the identity on L. 

(ii) This is the translation of Proposition I2.f 21 (iii) into the language of forms and 
lagrangians. □ 



More generally 
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Proposition 3.3. Given [ — 1)^ -quadratic forms {L,ii), (i*,z/) over A such that 

^ + = : L^L* , z/+(-l)'=i/* = : L*^L 

define a nonsingular [—1)^ -quadratic form 

such that L and L* are complementary lagrangians of the nonsingular {—1^ -symmetric 
form 



.(-1) Oy 

and let {f : C ^ D,{6(j),'ip)) be the {2k + 1)- dimensional {symmetric, quadratic) 
Poincare pair concentrated in degree k defined by 

/ = (1 0) : Ck = K* = L* Dk = L* , 6(1) = , 

with C{f) ~ L*_fc_i. 

(i) The Spivak normal bundle of {f : C D, {5(j), ip)) is given by 

7 = G g°(C(/)°-*) = H°{Zr,S{L),{-l)'^+'T) , 

and 

n trtn ,^ = {Ag5(L*)|A + (-lfA*=0} 

^2k+i[.^\j ), 1) 1^ _ {-if+^e*) I <t>* = e s{L*)} 

= coker(J^ : H^{Z2; S{L*), (-l)'=+iT) ^ ^^(Zs; S{L*), (-l)'=+iT)) . 
The algebraic normal invariant of {f : C ^ D, {6^, ijj)) is 

{<j>,e) = y&Q2k+i{C{f),l) . 

(ii) Let {B, (3) be a chain bundle concentrated in degree k + l 
B : . ^ Bfc+i ^ ^ . . . , 

/3egO(SO-*) = HoniA(Bfc+i,ff'=+i(Z2;A)) = H\Z2;S{Bk+i),{-lf+^T) , 
so that 

{A e S{B^+^) I A + (-1)'=A* = 0} 



Q2fe+l(B,/3) 



{(j) - (j)p(t)* -{e+ (-l)'=+i6l*) I (p* = e S{B''+^)} 

coker(J^ : H^{Z2; S{B''+^), (-l)^+iT) ^ H°{Z2; S{B''+^), {-1)>'+^T)) . 



A {B , P)- structure on {f : C ^ D, {5(/),ijj)) is given by a chain bundle map {g,x) '■ 
{C{f),j) {B,j3), corresponding to an A-module morphism, g : L ^ -B/c+i such that 

g*(3g = ii€H\Z2;S{L),{-lf+'T) , 

with 

{9,x)% ■■ Q2fc+i(C(/),7)->Q2fc+i(i?,/3) ; X^gXg* ■ 
The 4-periodic {B, (3) -structure cobordism class is thus given by 

{K,^;L) = {f:C^D,{6<i>,^)) = {g,x)%i<^,0) = Qvg* 

e£(S,/3)4*+2'=+i(^) = Q2k+i{B,(3) , 
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with 

e im{d : Q2k+i{B,P) ^ L2k{A)) - ker(i2fc(A) ^ /3)4*+2fe(A)) . 

□ 

3.2. The Generalized Arf Invariant. 

Definition 3.4. The generalized Arf invariant of a nonsingular (— l)'^-quadratic form 
(i^T, -0) over A together with a lagrangian L C K for the (—1) '^-symmetric form {K, ip+ 
is the image 

of the algebraic normal invariant {(f>,0) G Q2/C+1 (C(/), 7) (|2.13|l of the corresponding 
(2k + l)-dimensional (symmetric, quadratic) Poincare pair (f : C —* D^{5(j),^j) G 

i(l>,0) - z.eQ2fc+i(C(/),7) 

= coker(J^ : H"{Z2; S{L*), {-l)''+^T) ^ H"{Z2; S{L*), {-1)''+^T)) 

under the morphisni (g, x)% induced by the classifying chain bundle map {g,x) ■ 
{C{f),j) {B"^,(3^). As in 13.21 v = ^/^ji. is the restriction of V' to a lagrangian 
L* <Z K oi [Kjip + (-1)'^?/'*) complementary to L. □ 

A nonsingular (— l)'^-symmetric formation {K, ip; L, L') is a nonsingular (— l)'^- 
symmetric form (if, 0) together with two lagrangians L, L' . This type of formation is 
essentially the same as a {2k + l)-dimensional symmetric Poincare complex concen- 
trated in degrees k,k + 1, and represents an element of i**+2'^+^(A). 

Proposition 3.5. (i) The generalized Arf invariant is such that 

{K,i^-L) = 0eQ2k+i{B^,^^) = L^*+^'^+\A) 
if and only if there exists an isomorphism of {^1)^ -quadratic forms 
(if,V)©i/(-i)^(i') - H(_,).{L") 

such that 

{{K,^ + {-lfr)®{^+T)Hi^_^-^.{L');L®L',L") = e L^*+^''+\A) . 

(ii) // {K,ip) is a nonsingular {—1)^ -quadratic form over A and L,L' G K are la- 
grangians for {K,ip + (— then 

{K,t,L)-(K,i;;L') = {K,ij + {-lfr;L,L') 

e im(L4*+2fe+i(^) ^ £4*+2fe+i(^)) ^ ker(Z4*+2fc+i(^) . 

Proof. This is the translation of the isomorphism Q2fc+i(S^, /S'^) = L^*+'^^+^{A) 
given bv l2. 161 into the language of forms and formations. □ 

Example 3.6. Let A be a field, so that each ii"(Z2; A) is a free A-module, and the 
universal chain bundle over A can be taken to be 

B^ = H*{l2]A) : ...^B^ = H'\Z2;A)^B^_^ - i/"-i(Z2; A) ^ • ■ • 
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If ^ is a perfect field of characteristic 2 with the identity involution squaring defines 
an A-module isomorphism 



A 



Every nonsingular (— l)'^-quadratic form over A is isomorphic to one of the type 



fi 1 




with L = A^ f.g. free and 

/i = (-1)'''+V* : L^L* ,1^ = : L* ^ L . 

For j = 1,2,..., £ let 

Cj = (0,...,0,1,0,...,0) G L , = n{ej){ej)eA, 

e* = (0,...,0,1,0,...,0) ei* , /i, = v{e*){e*)eA. 

The generalized Arf invariant in this case was identified in Ranicki |18l §11] with the 
original invariant of Arf pP 



c + c c 



□ 



For A: = we have 



Proposition 3.7. Suppose that the involution on A is even. If [K, -0) is a nonsingular 
quadratic form over A and L is a lagrangian of {K, -tp + ip*) then L is a lagrangian of 
(Kjip), the Witt class is 

{K,i;) = OeLoiA) , 
the algebraic normal invariant is 

{cj^,6) = QeQi{C{f),j) - 
and the generalized Arf invariant is 

iK,4';L) = (g,x)%(0,0) = OeL^*+\A) = Q,{B^,I3^) . 

Proof. By hypothesis iJ^(Z2; A) = 0, and L = A^, so that by Proposition 13. 21 ii] 

Qi{C{f)n) = i?"(Z2;5(i*),-r) = 0i7i(Z2;A) - 0. 

t 

□ 

For k = \ we have : 

Theorem 3.8. Let A he an r-even ring with A2-module basis {xi = 1, X2, . . . , Xr} C 

H^{Z2;A), and let 



e Sym^(A) 





(xi 





. 











. 


. 


X = 








X3 . 


. 




u 





. 
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SO that by Theorem WM 



Quad^(A) + {L- LXL \ L e Sym^(A)} ' 
i) Given M e Syni^(yl) define the nonsingular {— I) -quadratic form over A 

X 1 



M 



such that Lm = C Km is a lagrangian of [Km, i^M — ^m)- The function 

is an isomorphism, with inverse given by the generalized Arf invariant. 
(ii) Let {K,Tp) be a nonsingular (—1)- quadratic form over A of the type 



fi 1 




) 



with 



/i-^* = : L* , ly-iy* = : L* ^ L 

and let g : L A'', h : L* ^ A^ be A-module morphisms such that 

= g*Xg e H°{Z2;S{L),T) , v = h*Xh e H°{Z2; S{L*),T) . 
The generalized Arf invariant of {K, ijj; L) is 

iK,t,L) = giyg* = gh*Xhg* e QsiB^^P^) ■ 

If L = A^ then 

g = : L = A'^A- , h ^ (Kj) : L* ^ A' ^ A^ 

with the coefficients gij , hij e A such that 



(e, = (0, . . . , 0, 1, 0, . . . , 0) e L = A^ e* = (0, . . . , 0, 1, 0, . . . , 0) e L* = AO 



and 










. 


■ 0\ 







C2 


. 


. 


{K,^;L) - gh*Xhg* = 








C3 • 


. 




\o 





. 


• CrJ 



with 

r I 

c, = Y.(Y.9^j'^kjf^keH°{I.2;A). 
fc=i j=i 

(iii) For any M = (niij) G Syni^(A) let h — (hij) e Mr{A) be such that 



Y,{h,,fx,^H\Z2]A) {l^j^r) 



i=l 
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that 





/mil 





. 


• \ 







m-22 


. 





M = 








"^33 • 







V 





. 





= h*Xhe H°{'l.2;Mr{A),T) = 



Sym^(yl) 
Quad^(A) 



and the generalized Arf invariant of the triple (KMii^M'TLj^i) in (i) is 

{Km,^m;Lm) = h*Xh - MeQ3{B^,f3^) 
(with g = {6ij) here). 

Proof, (i) The isomorphism Q3(i?^,/3^) L^{A);M i-^ {Km,iI^m]Lm) is given by 
Proposition 12.161 

(it) As in Definition 13.41 let (</>, 6') G QsiCif),'^) be the algebraic normal invariant of 
the 3-dimensional (symmetric, quadratic) Poincare pair {f : C ^ D, {S(j),'ip)) concen- 
trated in degree 1, with 



K* 



Di 







/ = (1 0) : Ci 
The A-module morphism 

^^2(7) : H2{C{f)) - H'iD) = L^H\Z2-,A) - y ^ tx{y){y) 
is induced by the A-module chain map 

g : C{f) ~ i,_2^i?^(l) 

and 

(5,0) : (C(/),7)-(i?^(l),/5^(l))-(i?^,/3^) 
is a classifying chain bundle map. The induced morphism 

(g,0)% : Q3(C(/),7) = coVer{J^ : H'^i'L^; S{L*),T) ^ H^l^; S{L*),T)) 
^ Q3(S^,/3^) = coker(Jx : i/"(Z2; M,(A), T) ^ H°{'Lr,Mr{A),T)) ; a ^ gag* 
sends the algebraic normal invariant 

(0,0) ^ u = h*XheQ3iCif),j) 
to the generalized Arf invariant 

{g,0)%{<l>,9) = gh*Xhg* eQ3{B^,f3^) . 
(iii) By construction. □ 



In particular, the generalized Arf invariant for A = Z2 is just the classical Arf 
invariant. 
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4. The Generalized Are Invariant eor Linking Forms 

An e-quadratic formation {Q,tp\F,G) over A corresponds to a 1-dimensional e- 
quadratic Poincare complex. The 1-dimensional e-quadratic L- group Li{A,e) is the 
Witt group of e-quadratic formations, or equivalently the cobordism group of 1- 
dimensional e-quadratic Poincare complexes over A. We could define a generalized 
Arf invariant a £ Q2{B'^,f3^,e) for any formation with a nuU-cobordism of the 1- 
dimcnsional e-symmetric Poincare complex, so that 

(Q,^;F,G) = dia)ekciil + T,:Li{A,e)^L^*+HA,e)) 

= im{d:Q2{B^^^f3^-',e)^Li{A,e)) . 

However, we do not need quite such a generalized Arf invariant here. For our appli- 
cation to UNil, it suffices to work with a localization S~^A of A and to only consider 
a formation (Q, -0; F, G) such that 

FDG = {0} , S-\Q/iF + G)) - 

which corresponds to a (— e)-quadratic linking form (T, A,/i) over {A, S) with 

T = Q/{F + G) , X : TxT^ S'^A/A . 

Given a lagrangian U <Z T for the (— e)-symmetric linking form (T, A) we define in 
this section a 'linking Arf invariant' 

(r,A,/i;C/)eQ2(S^^/3^^e) = L'*+\A,e) 

such that 

(Q,V;F,G) = a(T,A,Ai;C/)eker(l + T, :Li(A,e)->L4*+i(A,e)) 

4.1. Linking Forms and Formations. Given a ring with involution A and a mul- 
tiplicative subset 5* C A of central non-zero divisors such that = let iS'~^A be the 
localized ring with involution obtained from A by inverting S. We refer to 16 for 
the localization exact sequences in e-symmetric and e-quadratic algebraic L-theory 

> e) ^ L'iiS-^A., e) ^ S", e) ^ L"-i(A, e) . . . , 

> L„(A, e) ^ Li{S-^A, e) ^ L„(A, S, e) ^ L„„i(A, e) ^ . . . 

with / = im(^o(^) ^ Ka{S-^A)), L"(A,S',e) the cobordism group of (n - 1)- 
dimensional e-symmatric Poincare complexes (G, (j>) over A such that Hif{S^^C) — 0, 
and similarly for Ln{A, S, e). 

An {A, S) -module is an A- module T with a 1-dimensional f.g. projective A-module 
resolution 

such that S-^d : S-^P S-^Q is an S ^v4-niodule isomorphism. In particular, 

S-^T = . 
The dual (A, S) -module is defined by 

= Ext^(T,A) = }iomAiT,S-^A/A) 

= coker(d* : Q* ^ P*) 
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with 

^ X 7^ ; (a, /) (x ^ f{x)a) . 

For any [A, 5')-niodules T, U there is defined a duality isomorphism 
Hom^(r, U) ^ Hom^(C/^, T) ■ f ^ f 

with 

r : U-^T^\ g^{x^g{f{x))) . 
An element A G Hom^ (T, 7^) can be regarded as a sesquilinear linking pairing 

A : Ty.T^S-^A/A- [x,v) ^ \[x,y) = \{x)[y) 

with 

\{x,ay + bz) = aX{x , y) b\{x , z) , 
X{ay + bz,x) = X{y , x)a + X{z , x)b , 



X'^{x,y) = X{y,x) e S^^A/A {a,b e A, x,y,z eT) . 
Definition 4.1. Let e = ±1. 

(i) An e- symmetric linking form over [A^ S) (T, A) is an [A^ S')-module T together 
with A G Hom^(T, 7^) such that A'"^ eA, so that 

= eA(y,.T) e S-^A/A £ T) . 

The linking form is nonsingular if A : T ^ 7^ is an isomorphism. A lagrangian for 
(T, A) is an [A, S')-submodule U C T such that the sequence 

is exact with j G llomA{U,T) the inclusion. Thus A restricts to on [/ and 
= {xeT\ X{x){U) = {0} c S-^A/A} = U . 

(ii) A (nonsingular) e-quadratic linking form over (A, S) {T, A, fi) is a (nonsingular) 
e-symmetric linking form (T, A) together with a function 

{a + ea\a A\ 

such that 

fi{ax) ~ a^{x)a , 

H{x + y) = n{x) + n{y) + X{x,y) + X{y,x) e Qe{A,S) , 
fi{x) = X{x,x) e i-ai{Q,{A,S) S-^A/A) {x,y eT,a e A) . 
A lagrangian U C T for (T, A, fi) is a lagrangian for (T, A) such that fi\ij ~ 0. □ 

We refer to Ranicki ^1 3.5] for the development of the theory of e-symmetric and 
e-quadratic linking formations over (A, S) . 

From now on, we shall only be concerned with A, S which satisfy : 
Hypothesis 4.2. A, S are such that 

H*{Z2;S-'^A) = . 

□ 
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Example 4.3. Hypothesis 14.21 is satisfied if 1/2 G ^A, e.g. if A is even and 

S = (2)°° = {2'\i^0} c A , S-^A ^ A[l/2] . 

□ 

Proposition 4.4. (i) For n = 2 {resp. 1) the relative group L"(A, 5, e) in the e- 

symmetric L-theory localization exact sequence 

> L"{A, e) -> L'^iS-^A, e) ^ U\A, S, e) ^ U'-\A, e) ^ . . . 

is f/ie W^itt group of nonsingular {—e)- symmetric linking forms (resp. e-symmetric 
linking formations) over (A^S), with I = im{Ko{A) —>■ Kq(S^^A)). The skew- 
suspension maps 

S : L''{A,S,e) ^ L''+\A,S,-e) {n ^ 1) 
are isomorphisms if and only if the skew-suspension maps 

S : L"(A,e) ^ L"+2(A,-e) (n ^ 0) 

are isomorphisms. 

(ii) The relative group Ln{A, S, e) for n = 2k [resp. 2A:+ 1) in the e-quadratic L-theory 
localization exact sequence 

> Ln{A, e) ^ LiiS-'A, e) ^ L„(A, S, e) ^ L„_i(^, e) ^ . . . 

is the Witt group of nonsingular {~\)^ e-quadratic linking forms {resp. formations) 
over [A, S). 

(iii) The ^-periodic e-symmetric and e-quadratic localization exact sequences interleave 
in a commutative braid of exact sequences 



.+i{B^,P^,e) 




{A,e 




Li{S-^A,e) 



Ln+i{A,S, e) 



Li^^{S-'A,e) 



Proof (i)+(ii) See §3]. 

(iii) For A, S satisfying Hypothesis 14.21 the e-symmetrization maps for the L-groups 
of S~^A are isomorphisms 

1+T, : Li{S-^A,e) L'l{S-^A,e) . 



□ 
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Definition 4.5. (i) An e-quadratic S-formation {Q, ip; F, G) over A is an e-quadratic 
formation such that 

s-'^F®s-'^G = , 

or equivalently such that Q/{F + G) is an {A, S')-niodule. 
(iii) A stable isomorphism of e-quadratic 5-forinations over A 

[/] : (Qi,Vi;^^i,Gi)^(Q2,^2;F2,G2) 
is an isomorphism of the type 

/ : (Qi,i/'i;Fi,Gi)® (7Vi,i/i;i/i,Xi) ^ (Q2,V'2;F2,G2)©(A^2,t^2;i?2,if2) 
with Ni= Hi® Ki, N2 = H2® K2. □ 

Proposition 4.6. (i) A {~e)- quadratic S-formation (Q,^p; F,G) over A determines 
a nonsingular e-quadratic linking form (T, A, /i) over {A^S), with 

T = Q/{F + G) , 

A : T xT ^ S-^A/A ; {x,y) ^ {i; - e^p*){x){z)/s 

M : T^QM.S); y^{i^-er){x){z)/s~^{y){y) 

{x,y e Q , z ^ G , s ^ S , sy — z E F) . 

(ii) The isomorphism classes of nonsingular e-quadratic linking forms over A are 
in one-one correspondence with the stable isomorphism classes of {—e)- quadratic S- 
formations over A. 

Proof. See Proposition 3.4.3 of ^B]. □ 

For any S'~^yl-contractible f.g. projective A-module chain complexes concentrated 
in degrees k,k 

C : . ^ Gk+i ^ Cfe ^ ^ . . . , 

D : > ^ Dk+i -^Dk^O^ ... 

there are natural identifications 

i7fc+i(G) = HkiCf, Hk{C) = H^+'iGT, 

Ho{llomA{C,D)) = RomA{Hk{G),Hk{D)) = Torf (iJ'^+HC), Hfe(D)) , 

Hi{KoniAiC,D)) = H''+\C) ®A Hk{D) = ^^i\{Hu{C),Hu{D)) , 

H2k{C®AD) - Hk{C)®AHk{D) - Exti(ff''^+i(G),i7fe(I?)) , 

H2k+i{G®AD) = RomA{H'^+\C),Hk{D)) - Torf (ilfe(C), iJ^p)) . 

In particular, an element A G H2k+i{G 'S>a F>) is a sesquilinear linking pairing 

A : H^+^{G) X H^+^{D) S-^A/A . 

An element (j) G F[2k{G ® aF>) is a chain homotopy class of chain maps : G^''^* — > D, 
classifying the extension 

^ Hk{D) ^ ^ H''+\G) ^ . 
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Proposition 4.7. Given an {A, S)-module T let 

B : • ■ • ^ Bk+i ^ Bk ^ . . . 

be a f.g. projective A-module chain complex concentrated in degrees /c, fc + 1 such that 
H^+'^{B) = T, H^{B) = 0, so that Hk{B) = T', Hk+i{B) = 0. The Q-groups m the 
exact sequence 

Q2fe+2(5)^0 ^Q2fe+2(5)^L^ Q2fe+i(S) — Q2'=+1(B) Q^^+\B) 

have the following interpretation in terms ofT. 

(i) The symmetric Q- group 

Q^^+\B) = i/°(Z2;Hom^(r,n,(-l)'+') 
is the additive group of {—\)*'^^ -symmetric linking pairings X onT, with (j) £ Q^''^^{B) 
corresponding to 

A : T X T ^ S-^A/A ; {x,y) ^ ^o{d*r\x){y) {x,y e B''+^) . 

(ii) The quadratic Q- group 

Q2k+l{B) = 

{{^0, jji) g RomAjB", Bk+i) ® SjB'^) \ dj^p = + (-1)^+^1* £ ^(^^)} 
{((Xo + Xo)d*,dxod* +X1 + (-1)'=X|) I (Xo, Xi) e S{B''+^) © S{B'')} 

is the additive group of (—1)''''^^ -quadratic linking structures (A,/i) onT. The element 
tp = {'ipo,ipi) G Q2k+i{B) corresponds to 

A : T X T ^ S-^A/A ; (x^y) ^ Md*r\x)iy) i^^V £ B^+^) , 
H : T ^ (3(_i)fc+i(A, S") ; x 'ipo{d*y^{x){x) . 

(iii) The hyperquadratic Q-groups of B 

Q"{B) = i/„(d^° : W^"Bk+i ^ W^^Bk) 

are such that 

^ {{S, x) g S{B^+^) ® SjB'^) I 5* = {-If+H, dSd* ^ X + (-l)''+^xn 
^ ^ ' {{n+{-l)^+^fi*,dfid*-^i^+{-l)^^i^*)\{fi,,^)ES{B'^+^)(BS{Bf^)} ' 

^2fc+i.m ^ {(^, x) g ® SjB'') I <5* = (-1)^^, d6d* =x+ i-irx*} 

^ ^' {{n + d^ld* + eS{B'^+^)(BS{B'')} ' 

with universal coefficient exact sequences 

0^T^(S)aH''{Z2;A)^Q^''{B) HonM(T, 7?'=+i(Z2; ^ , 

0-^T^®aH''+K^2;A) ^Q^''+^{B) RomA{T,H''{Z2;A))^0 . 

□ 

Let f : C ^ D he a, chain map of S'^^^-contractible A-module chain complexes 
concentrated in degrees k,k -\- 1, inducing the A-module morphism 

f* ^ j : U = H^+^{D)^T = H''+\C) . 

By Proposition 14.71 (i) a {2k -\- l)-dimensional symmetric Poincare complex {C,(t>) is 
essentially the same as a nonsingular (— l)'^"'""'^-symmetric linking form (T, A), and a 
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{2k + 2)-dimcnsional symmetric Poincare pair {f : C D, {6(j), cf))) is essentially the 
same as a lagrangian U for (T, A), with j = f* : U ^ T the inclusion. Similarly, 
a (2fc + l)-dimensional quadratic Poincare complex (C, "0) is essentially the same as 
a nonsingular (—1)'^^^ -quadratic linking form (T, A,/u), and a {2k + 2)-dimensional 
quadratic Poincare pair {f : C ^ D, {Sip, ip)) is essentially the same as a lagrangian 
U C T for (T, A,yLt). A {2k + 2)-dimensional (symmetric, quadratic) Poincare pair 
{f : C ^ D, {5(j),ip)) is a nonsingular (— l)*''+^-quadratic form (T, A,/i) together with 
a lagrangian U CT for the nonsingular (— l)'^+^-symmetric linking form (T, A). 

Proposition 4.8. Let U be an {A, S)-module together with an A-module morphism 
fii : U ^ H^^^{'L2\A), defining a {—1)^^^ -quadratic linking form ([/, Ai,/ii) over 
{A, S) with Ai = 0. 

(i) There exists a map of chain bundles {d,x) '■ {Bk+2,0) ^ (^fe+i,'^) concentrated in 
degree k + 1 such that the cone chain bundle {B,(3) = C{d,x) has 

Hk+i{B) - U , H''+\B) - C/^, Hk+2{B) - H^^+^B) - 0, 
P = [6] = fiieQ°{B°-*) = Hom^([/,if'=+i(Z2;A)) . 

(ii) The {2k + 2) -dimensional twisted quadratic Q-group of {B,[3) as in (i) 

Q2k+2{B,P) = 

{(0, e) e s{B''+^) ® s{B''+^) 1 0* = (-1)^+ V, ^ - (f>S(p* ^ 6> + {-i)''+^e*} 
{{d, x)%M + (0, V + {-i)>'v*) I e ,y e 

is the additive group of isomorphism classes of extensions of U to a nonsingular 
{—1)''^^ -quadratic linking form {T,X,fi) over {A, S) such that U cT is a lagrangian 
of the {—1)''^^ -symmetric linking form (T, A) and 

f3 = fi\u ■■ Hk+,{B) = U ^ H''+\Z2;A) = ker(Q(_i).+i(A, ^) -> 5"^/^) . 

(iii) An element {4>,9) G Q2k+2{B, f3) is the algebraic normal invariant ^^1.1!^ of the 
{2k -\- 2) -dimensional {symmetric, quadratic) Poincare pair {f : C D, {Scjy^ijj) £ 
^''+]{f)) with 



rfc - ( n t ) : Ck+i = Bk+2 © B''+^ -^Ck = Bk+i ® B'^+^ , 



^0 d 

f = projection : C ^ D = B2fe+2-* 

constructed as in Provosition \2.V3 (ii). corresponding to the quadruple {T,X,fj,;U) 
given by 

J = f* ■■ U = H^+HD) = Hk+i{B)^T = H^+\C) . 
The A-module extension 

o^u ^T ^ cr^ 

is classified by 

[4>]eH2k+2{B®AB) = U®aU = Ext^(C/'^,C/) . 
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(iv) The (—1)''^^- quadratic linking form (T, A,/^) in (iii) corresponds to the (— l)''- 
quadratic S-formation [Q, ip; F, G) with 



/I \ 

-6d 1 - S(j) 


\ d <i> J 



G = im 



: Bk+2 ® B^+^ ^ Bk+2 ® B^+^ e B^+^ Bk+^ C F ® F* 



such that 

FnG = {0}, Q/{F + G) = H^+^{C) = T . 
The inclusion U ^ T is resolved by 



Bk+2 



d 



B, 



0- 



fc+i - 




■ Bk+2 © B>^+^ © Bk+i 



T- 



-^0 



(v) If the involution on A is even and k = —1 then 

{(j) e Syni(BO) \ (p - (j)S(f) G Quad(B°)} 



Qo{B,P) 



{dad*\(TG Quad(Bi)} 



An extension of U = cokcr((i : Bi — !■ Bq) to a nonsingular quadratic linking form 
(r, A, /i) over {A, S) with ijl\u = /Ui and U CT a lagrangian of (T, A) is classified by 
(j) e Qo{B,(3) such that A : T — > is resolved by 



^0 d 

Bi®B^ ^ B^ © Bo 



-^0 



1 
-Sd 1- 



d 
d 4 

^Bi®B° — '-^ B^ © 



1 -d*S 
l-4)i 



A 



-^0 



T = coker( (^^ : © 5° ^ © Bq) , 

A : TxT^ S-'^A/A ; 

((a;i,a;o),(?/i,yo)) ^ -d" + c^"'(a^i)(yo) + (fi*)-'(a:o)(2/i) , 
/X : T^Q+i(A5) ; 

{xi,xo) 1-^ -d~V(c^*)~^(a;i)(a;i) +rf~^(a;i)(a;o) + ((i*)~^(a;o)(a;i) - ^(a;o)(a;o) , 
{xo,yo G Bo , xi,yi G -B^) . 



□ 
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4.2. The Linking Arf Invariant. 

Definition 4.9. The linking Arf invariant of a nonsingular (—1)''+^ -quadratic linking 
form (r, A, /i) over {A, S) together with a lagrangian U C T for (T, A) is the image 

of the algebraic normal invariant {<j>,0) G Q2k+2{C{f),j) (|2.13|l of the corresponding 
{2k + 2)-dimensional (symmetric, quadratic) Poincare pair {f : C ^ D, {d(l>,'ijj) 6 
Q2k+2(f)) concentrated in degrees k,k + I with 



/* = J 



H 



fe+i 



[D) = U ^ H^+^{C) = T , 



and [g, x)% induced by the classifying chain bundle map [g, x) • (C(/), 7) {B^ , (i^). 

□ 

The chain bundle {C{f), 7) in l4.9l is (up to equivalence) of the type {B, (3) considered 
in Proposition 14.81 (1) : the algebraic normal invariant (0,0) G Q2k+2{B, (3) classifies 
the extension of {U, 0) to a lagrangian of a (— l)'''^^-symmetric linking form (T, A) with 
a (— l)'^"''^-quadratic function fi on T such that fj,\ij = (3. The linking Arf invariant 
(r. A, ^; U) e Q2k+2{B'^ , (3^) gives the Witt class of (T, A, ^; U). The boundary map 

d : Q2k+2{B^,P^)^L2k+i{A)- [T, X, fx^U) ^ iQ,iP: F,G) 

sends the linking Arf invariant to the Witt class of the (— l)'^-quadratic formation 
{Q,il}]F,G) constructed inlTHlfiv). 



Theorem 4.10. Let A he an r-even ring with A2-module basis {xi — 1,X2, 
H°{Z2;A), and let 



G Sym^(^) 





fxi 





. 


• 0\ 







X2 


. 


. 


X = 








X3 . 


. 









. 





so that by Theorem XEM 

{ 



{M G Sym,,(A) | M - MXM G Quad^(A)} 



hk{B^,P^) 



(i) Let 
so that 



Aq,nadM) + {'^{N + m)-mXN\N (^Mr{A)] ^ ^ 



S = {2)°° c A , 



S-^A = A[l/2] 

and H^{'L2',A) is an (A, S)-module. The hyperquadratic L-group L'^{A) fits into the 
exact sequence 

>L^{A,S)-^ L^{A) ^ Lo{A, S) ^ L^{A, S) ^ . . . . 

The linking Arf invariant of a nonsingular quadratic linking form (T, A, fi) over (A, S) 
with a lagrangian U C T for (T, A) is the Witt class 

{T,X,fi;U)eQoiB^,f3^) = L^*{A) . 
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(ii) Given M e Sym^(A) such that M ~ MXM e Quad^(A) let {Tm , Xm , f^Ai) be the 
nonsingular quadratic linking form over {A^ S) corresponding to the {—1)- quadratic 
S -formation over A j4-6] ) 



(Qm^^miFm^Gm) = {H_iA''');A'-Am 



( 



V 



/ 

-2X I - XM 

21 
21 M 



2r^ A2r 



and let 

Um = {A2Y C Tm = Qm/{Fm + Gm) = coker(GM ^ F;,) 

be the lagrangian for the nonsingular symmetric linking form {Tm,^m) over {A, S) 
with the inclusion Um — > Tm resolved by 

21 







0- 



\ 


A"- © M 



21 
21 M 





A'- © A"- 



■Um' 



■ Tm 







■0 



The function 

Oo(B^,/9^) ^ L^*{A) ; M ^ {Tm, Xm, I^m^Um) 

is an isomorphism, with inverse given by the linking Arf invariant. 

(iii) Let (T, A, fi) be a nonsingular quadratic linking form over {A, S) together with a 

lagrangian U <ZT for (T, A). For any f.g. projective A-module resolution of U 



Q-> Bi 



let 

6 e Sym(So) , G Sym(BO) , l3 = [S] = ^i\u G Q°(S°-*) = UomAiU, H''{Z2; A)) 
be as in Provosition \A.8\ (i).(v). so that 

d*Sd e Quad(Bi) , (j) - (j)6(l) e quad{B°) 

and 



0GQo(i3,/3) - 



ker(J5 : Sym{B°) Sym(B")/Quad(BO)) 



im{{d*)% : Quad(Si) ^ Sym{BO)) 

classifies (T, A, /i; U). Lift (3 :U ^ H^{'L2] A) to an A-module morphism g : Bq ^ A^ 
such that 

gd{Bi)C2A'\ S = g*Xg e H°{Z2;S{B°),T) = Sym(S°)/Quad(B°) . 
The linking Arf invariant is 

{T,X,fi;U) = #.g* ego(i?^,/?^) ■ 
(iv) For any M = (mij) £ Sym^(A) with mij £ 2 A 

M - MXM = 2(M/2 - 2{M/2)X{M/2)) e Quad^(A) 
and so M represents an element M G Qq{B^ ^ (i^) . The invertible matrix 

'-M/2 /^ 



/ 



G Mar (A) 
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is such that 

'-M/2 I\ f 2I\ _ (21 



/ OJ \ 2I MJ \Q 21 

I \ f-M/2 A _ f-M/2 I 

2X I - XM ) \ I o) ^ \ I -2X 

so that {Qm,'4'm] Fm,Gm) is isomorphic to the {— I) -quadratic S-formation 



((~M/2 I \\ 
I -2X 



(21 
V lo 2IJ ) 

corresponding to the nonsingular quadratic linking form over {A, S) 

with 2Tjyj = 0, and U'j^j = 00 {A2Y C T^^ a lagrangian for the symmetric linking 
form {T'j^j, X'f^i). The linking Arf invariant of {Tj^j, A'^^, U'j^j) is 

{Tli , A'm , Mm ; t^M ) = M eQo{B^,f3^) . 

Proof, (i) H^{'L2\A) has an S'^^A-contractible f.g. free ^-module resolution 

^ A' A" H"iZ2;A) ^ . 

The exact sequence for L'^iA) is given by the exact sequence of Proposition ^31 (iii) 
• • • ^ L^*+'{A, S) ^ Qo(S^, -> LoiA, S) ^ L^*{A, S) ^ . . . 

and the isomorphism Qo(5'^,/3^) = L'^*{A). 

(ii) The isomorphism 

Qo(S^, f3^) ^ L^*{A) ; M ^ {Tm, Am, Um) 
is given by Proposition 12 . 1 61 

(iii) Combine (ii) and Proposition 

(iv) By construction. □ 

5. Application to UNil 

5.1. Background. The topological context for the unitary nilpotent L-groups UNil, 
is the following. Let iV" be a closed connected manifold together with a decomposition 
into n-dimensional connected submanifolds , N+ C N such that 

TV = N_UN+ 

and 

Nn = N^nN+ = dN^ = dN+ c N 

is a connected {n — l)-manifold with Tri{Nr,) 7ri(iV±) injective. Then 

7ri(iV) = ^i(7V_)*,^(w^)7ri(7V+) 

with TTi{N±) — > 7ri(iV) injective. Let M be an 71-manifold. A homotopy equivalence 
f : M ^ N is called splittable along Nn if it is homotopic to a map /', transverse 
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regular to A^n (whence f'^^{Nn) is an (ri — l)-dimensional submanifold of M), and 
whose restriction f'^^{Nn) Nn, and a fortiori also f'^^{N±) — ^ N±, is a homotopy 
equivalence. 

We ask the following question : given a simple homotopy equivalence f : M N, 
when is M /i-cobordant to a manifold M' such that the induced homotopy equivalence 
/' : M' ^ N is splittable along A^n? The answer is given by Cappell |S] : the 
problem has a positive solution if and only if a Whitehead torsion obstruction 

$(t(/)) G ij"(Z2;ker(i^o(A) ^ /^o(S+) © Ko{B-))) 

(which is if / is simple) and an algebraic L-theory obstruction 

X'^(/) eUNiWi(A;A^_,AA+) 

vanish, where 

A = Z[7ri(iVn)] , B± - Z[^i(iV±)] , AA± - B± - A . 

The groups UNil*(A; A/"-, A/'+) are 4-periodic and 2-primary, and vanish if the 
inclusions 7Ti{Nr,) ^ t^i{N±) are square root closed. The groups UNil*(Z;Z,Z) 
arising from the expression of the infinite dihedral group as a free product 

£»oo = Z2 * Z2 

are of particular interest. Cappell showed that 

UNil4fe+2(Z;Z,Z) = UNiW2(Z;Z[Z2-{l}],Z[Z2 -{!}]) 

contains (Z2)°°, and deduced that there is a manifold homotopy equivalent to the 
connected sum IRP*''+^#RP^'^+-'^ which does not have a compatible connected sum 
decomposition. With 

B = Z[7ri(iV)] ^ Bi *A B2 

the map 

UNil„+i(A;AA_,AA+) L,,+,{B) 

given by sending the splitting obstruction x''(/) to the surgery obstruction of an 
(n + l)-dimensional normal map between / and a split homotopy equivalence, is a 
split monomorphism, and 

L„+i(S) - L,^;i(A^B+US_)©UNil„+i(A;A/-_,A/-+) 

with K = ker(.^o(^) ^ ■^o(-S+) © Ko{B_)). Farrell [TT] established a factorization 
of this map as 

UNil„+i(A;AA_,A/-+) UNil„+i(i3;i3,B) L^+i{B) . 

Thus the groups UNil„(^; A, A) for any ring A with involution acquire special impor- 
tance, and we shall use the usual abbreviation 

UNil„(A) = UminiA: A, A) . 

Cappell 0, m, |S] proved that UNil4fe(Z) = and that VNiUk+2{'^) is infinitely 
generated. Farrell JI] showed that for any ring A, 4UNil*(A) = 0. Connolly and 
Kozniewski |S] obtained UNil4fe+2(Z) — ®i°Z2. 

For any ring with involution A let NL^, denote the L-theoretic analogues of the 
nilpotent if-groups 

NK,{A) = kcr{K,{A[x]) ^ K,{A)) , 
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that is 

NL,{A) = keT{L,{A[x]) L,{A)) 

where A[x] Ais the augmentation map x 0. Ranicki |16[ 7.6] used the geometric 
interpretation of UNil*(A) to identify NL^,{A) = UNil, (A) in the case when A = Z[tt] 
is the integral group ring of a finitely presented group it. The following was obtained 
by pure algebra : 

Proposition 5.1. (Connolly and Ranicki llUp For any ring with involution A 

UNiU(A) ^ NL^A) . 

□ 

It was further shown in ^Hl that UNili(Z) = and UNil3(Z) was computed up to 
extensions, thus showing it to be infinitely generated. 

Connolly and Davis gj related UNil3(Z) to quadratic linking forms over Z[x] and 
computed the Grothendieck group of the latter. By Proposition 

UNil3(Z) = ker(L3(Z[x]) ^ L3(Z)) = L3(Z[x]) , 

using the classical fact £3(Z) = 0. From a diagram chase one gets 

L3(Z[x]) = ker(Lo(Z[a;],(2)°°) ^Lo(Z,(2)°-)) . 

By definition, Lo{Z[x], (2)°°) is the Witt group of nonsingular quadratic linking forms 
{T,\n) over (Z[x], (2)°°), with 2"T = for some n ^ 1. Let C{'L[x],2) be a similar 
Witt group, the difference being that the underlying module T is required to satisfy 
2T = 0. The main results of [H| are 

Lo(ZN,(2)°°) - £(Z[x],2) 

and 

{2{p^ ~p)\p& xZ4x\\ 

By definition, a ring A is 0-dimensionalif it is hereditary and noetherian, or equiva- 
lently if every submodule of a f.g. projective j4-module is f.g. projective. In particular, 
a Dedekind ring A is 0-dimensional. The symmetric and hyperquadratic L-groups of 
a 0-dimensional A are 4-periodic 

L"(A) = L"+*{A) , L"(A) = L"+*{A) . 

Proposition 5.2. (Connolly and Ranicki For any 0-dimensional ring A with 

involution 

g„+i(i?^[-l,/3^M) = g„+i(i?^,/3^)®UNil„(A) (neZ). 

Proof. For any ring with involution A the inclusion A ^ and the augmentation 
A[x] A;x 1-^ determine a functorial splitting of the exact sequence 

> L„(A[x]) ^ L"(A[a;]) ^ L"(A[x]) ^ L„_i(A[x]) ^ . . . 

as a direct sum of the exact sequences 

> L^{A) L"{A) ^ L"iA) ^ i„_i(A) ^ . . . , 

> NLniA) ^ NU'iA) ^ iVL"(A) ^ iVL„_i(A) ^ . . . . 
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with L"'+**{A) = Qn{B^,l3^). It is proved in 10^ that for a 0-dimcnsional A 

= , 7Vi"(^) = , NU'+\A) = NLn{A) = UNil„(A) . 

□ 

Example 5.3. Proposition 15. 21 apphes to A = Z, so that 

Q„+i(S^[-l,/3^[-l) = Q„+i(i?^/3^)®UNil„(Z) 
with Q^B^, 0^) = L*(Z) as given by Example □ 

5.2. The Computation of Q*(S^[^1,/3^[^1) for 1 -even A. We shall now compute 
the groups 

L^{A[x]) = Q„(S^[^l,/3-^[^l) (n(mod4)) 
for a 1-even ring A. The special case A — "L computes 

L"(Z[x]) = Q„(B^["l,/3^["-l) = L"(Z)eUNil„_i(Z) . 
Proposition 5.4. The universal chain bundle over A[x\ is given by 

oo 

(^AH^^AM) ^ (C(X),7(X)),+2, 

2— — oo 

with (C(X),7(X)) i/ie chain bundle over A[x\ given by the construction of ^2.2^ for 

X = (l eSym,(A[x]) . 
The twisted quadratic Q -groups of {B^^^^ , P^^^^) are 

n (r(Y\ {M e Sym,{A[x]) \ M - MXM e quad,{A[x])} 

Ljo{^[^)n{^)) - 4Quad2(A[x]) + {2(7V + 7V*)-iV*X7V|7Ve Af2(A[x])} ^ 

im(iV^(x) :Qi(C(X),7(X))^gi(C(X))) - ker{J^^x) ■ QHC{X)) ^ Q\C{X))) 



{N G M2(A[x]) I iV + A^* e 2Sym2(A[a;]), ^{N + TV*) - TV'X/V e Quad2(^[x])} 



if n — I 



2M2{A[x]) 

n = 2 

g_i(C(X),7(X)) = Q^^d2(AH) + {L-ixL\L e Sjm,{A[x])} '^""^^ 

Proof. A special case of Theoreni l2.3()l noting that by Proposition l2.29l ^[a:] is 2-even, 
with an A2[a;]-module basis for {'L2\ A[x]) . □ 

Our strategy for computing Q.j,{B^^^\ (3^^^^) will be to first compute (5*(C(1), 7(1)), 
Q^{C{x),"f{x)) and then to compute Q^{C{X),"f{X)) for 

(C(X),7(X)) - (C(l),7(l))©(C(a:),7(a:)) 
using the exact sequence given by Proposition l2.8l fii) 

>Hn+i{C{l)®AMC{x)) Q„(C(l),7(l))®gn(C(x),7(x)) 

^ QniCiX), 7(X)) ^ i?„(C(l) C(x)) ...... 
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The connecting maps d have components 

9(1) : i7„+i(C(l)®^[,]C(a;))->Q"+i(C(l))^g„(C(l),7(l)) ; 

(/(I) : ^ C(l)) ^ {Q,m'\s^^+'j{x))) , 

d{x) : H^+i{C{l) (S)Al.] C{x)) ^ ^ g„(C(x), 7(x)) ; 

(/(x) : ^ ^ (0, /(^^)''(5"+i7(l))) ■ 

Proposition 5.5. (i) The twisted quadratic Q-groups 

A\x] 



,(C(1),7(1)) 



2A[x] + {a - a2 I a e A[x\} 
{a e A[x] I a - e 2A[x]} 
8A[x] +{46-462 
{a G I a - e 2A[x]} 



2A[x\ 



if n = —1 
if n — 
if n = \ 



{as given by Theorem \2.24\ are such that 
Q„(C(1),7(1)) = 



A2 [x\ if n = —1 

An ® A4[x] ® A2[x\ ifn^O 
A2 ifn^l 



with isomorphisms 



OQ OQ 



: g_i(C(l),7(l)) ^ ; Ea,;a:*^ao + E(E«(2^+i)2.k 

foil)-Qo{Cil),j{l))^As®Ai[x](BA2[x]; 



,4+1 



00 00 



J2 a^x' ^ (ao, E(E a(2*+i)2j/2)a;N {a2k+2/2)x^) 

i=0 i=0 j=0 k=0 



/i(l) : Qi(C(l),7(l)) ^ ; a = E «.^' 



T/ie connecting map components 9(1) are given by 



a-o 



9(1) : Hi{C{l)^Al.]C{x)) = A2[a;] ^go(C(l),7(l)) ; c (0, 2c, 0) , 
9(1) : HoiC{l)®A[.]C{x)) = A2[a:] ^g-i(C(l),7(l)); c ^ ex. 



(ii) The twisted quadratic Q-groups 



UCix),j{x)) ={ 



2A[x] +{a~ a^x \ a G A[x]} 
{a e A[x] I a - a^x G 2A[x]} 
8A[a;] +{46-462a;|6G A[a;]} 
{a € A[x] I a - a^x G 2A[x]} 



2 A [a 



if n = —1 
ifn = 
ifn^l 
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{as given by Theorem \2.24\ are such that 



A2 \x\ if n — ~1 

ifn^l 



with isomorphisms 



00 00 



f-i{x) : Q^i{C{x),j{x)) ^ A2[x] : a = J2 O'l^' T, iT, "'{21+1)21 

1=0 4=0 j=0 

/o(a;) : QoiC{x),j{x))^A4x]®A2[x]; 



00 00 



J2 atx' ^ a(2^+l)2J-l/2)x^ J2 (a2fc+i/2)a;'=) . 

i=0 1=0 j=0 k=0 

The connecting map components d{x) are given by 

d{x) : H,{C{l)®A[.]C{x)) = ^Qo(C(x),7(x)) ; c^{2c,Q), 

d{x) : Ho{C{l)®A[.]C{x)) = A2[x\^Q.i{C{x),-i{x)) ■ c^c. 

00 

Proof, (i) We start with Qi(C(l), 7(1)). A polynomial a{x) = ^ a^a;* G A[x\ is such 

1=0 

that a{x) — a(x)^ £ 2A[a;] if and only if 

a2i+i , a2i+2 - (fli+i)^ e 2A (i ^ 0) , 
if and only if Ok G 2yl for all fc ^ 1, so that /i(l) is an isomorphism. 

oc 

Next, we consider (5_i(C(l), 7(1)). A polynomial a{x) = ^ a^a;* G A[a;] is such 

i=0 

that 

a{x) G 2A[x] + {b{x) - h{xf I 6(a;) G A[x]] 
if and only if there exist fei, 62, • • • G ^ such that 

ao = , ai = foi , a2 = 62 - &i , 03 = 63 , 04 = 64 - 62 , • • • S ^2 , 
if and only if 

00 

ao = X! "(2i+i)2J = G A2 (i ^ 0) 

i 

(with 6(2i+i)23 = X] a(2i+i)2* G for any i, j ^ 0). Thus /-i(l) is well-defined and 

injective. The morphism /-i(l) is surjective, since 

00 00 

Y^c^x' = /_i(l)(co +^c,+ia;2^+i) G A2H (c, G A) . 

i=0 4=0 

The map gi(C(l)) ^ go(C(l), 7(1)) is given by 

Q\C{1)) - A2M ^Qo(C(l),7(l)) = A8©A4[x]©A2[a;] ; 



OC OC 



a=Y, a^a^' '-^ (4ao, E(E 2a(2,+i)2i)a;*, 0) . 

i=0 i=0 j=0 
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oo 

If a = c^x for c = ^ CiX^ € A2[x] then 

i=0 

oo oo 

(4ao,^(^2a(2,+i)2.)a;') = {0,2c) e As ® A^x] , 
so that the composite 

d{l) : Hi{C{l)^Aix]Cix)) = A2[x] ^ Q\C{1)) ^ Qo(C(l),7(l)) = As(SA4[x](BMx] 
is given by c i-^ (0, 2c, 0). 

Next, we consider Qo(C(l), 7(1))- A polynomial a{x) e A © 2x^[a;] is such that 
a{x) e 8A[x] + {4(6(x) - b{xf) \ b{x) G A[x]} 
if and only if there exist fei, 62, • ' ■ £ ^ such that 

ao = , ai = 46i , a2 = 4(62 - &i) , 03 = 463 , 04 = 4(64 - 62) , • • • e , 
if and only if 

ai = 02 = as = 04 = ... = S ^4 , 

00 

00 = S a(2i+i)23 = e As (i > 0) . 
3=0 

Thus /o(l) is well-defined and injective. The morphism /o(l) is surjective, since 

00 00 oc 00 

(ao, E bix\ E CiX^ = /o(l)(ao + 2 E b^x^''^' + 2 E 

i=0 i=0 j=0 1=0 

e As © A4x] © A2[a;] (ao, 6i, Ci e A) . 
The map g°(C(l)) ^ g_i(C(l), 7(1)) is given by 

gO(C(l)) = A2N ^0_i(C(l),7(l)) = A^ix]; 

a = E 1-^ ao + E(E a(2i+i)2i • 

00 

If a = c^x for c = E ^ia;* G A2[a;] then 

i=0 

00 00 

"0 + ^(Yl «(2i+i)2^ = cxe A2[x] , 

i=0 j=0 

so that the composite 

9(1) : Ho{C{l)®A[.]C{x))=A2[x]^Q°{C{l))^Q.,{C{l),j{l))=A2[x] 
is given by c 1-^ ex. 

oc 

(ii) We start with Qi{C{x),'^{x)). For any polynomial a = E ^^i^^ ^ 



a - a^x = ^ aja;' - ^ aiX^'+^ e A2[a;] . 



i=0 i=0 

Now a — a^x G 2A[a;] if and only if the coefficients ao, ai, • • • G A are such that 
ao = ai — ao = a2 = as - ai = ... = G A2 , 

if and only if 

ao = ai = a2 = as = ... = G A2 . 
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It follows that Qi(C(x),7(x)) = 0. 

oc 

Next, Q-i{C{x),j{x)). A polynomial a = J2 '^i^^ ^ is such that 

i=0 

a e 2A[x] + {b-b'^x\v & A[x]) 
if and only if there exist ho,h\, - ■ ■ & A such that 

ao = ho , ai = 61 - 60 , 02 = &2 , as = h-h , a4 = h , ■■■ € ^2 , 
if and only if 

00 

X]'^(2^+l)2J-l = e (i ^ 0) . 

i=o 

Thus f-i{x) is well-defined and injective. The morphism f-i{x) is surjective, since 

00 00 

^CiX^ = e A2[x] G A) . 

i=0 i=0 

The map Q°(C(a;)) Q-i{C{x),^{x)) is given by 

Q\C{x)) = A2[x\^Q-^{C{x),^{x)) = A2[x\; 

00 00 OC 

b=Yl biX^ E ( E b(^2z+l)2:>-l)x' . 
i=0 i=0 j=0 

00 

If 6 = for c = E Cja;' G A2[x] then 

00 00 

^(^\2i+i)2i-i)x' = cGA2[a;], 

so that the composite 

d{x) : Ho{C{l) <S>A[.] C{x)) = A2[x] Q\C{x)) ^ Q_i(C(x), 7(x)) = A2[x] 
is just the identity c 1-^ c. 

Next, Qo{C{x),j{x)). For any a e A[x] 

a G 8A[x] + {4(6 - b'^x) \ b G 
if and only there exist bo,bi, ■ ■ ■ A such that 

ao = 46o , ai = 4(6i - 60) , 02 = 4^2 , 03 = 4(63 - 61) , ... G ^s, 
if and only if 

ao = ai = 02 = 03 = . . . = G , 
00 

E a(2i+i)2^-i = G As (i > 0) . 
Thus /o(a;) is well-defined and injective. The morphism /o(x) is surjective, since 

oc 00 00 00 

Cix\Y^ dix') = /o(x)(^ 2cix''' + ^ 2dix2'+i) G © A2[x] {a, di € A) . 

i=0 i=0 i=0 i=0 
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The map Q^{C{x)) Qo(C(a;), 7(0;)) is given by 

QHCix)) = A2[x]^QoiC{x),j{x)) ^ A4x](BA2[x] 



00 oc 



6 = EM'^(E(E2&(2.+i)2.-iy,o) 

■i=0 i=0 j=0 



li b = ior c = J2 ^i^^ ^ ^2 [x] then 

00 00 
i=0 j=0 

so that the composite 

d{x) : H,{C{l)<E>A[.]C{x)) = AM ^ Q\C{x)) ^ Qo{C{x),j{x)) = A4x](B A^lx] 
is given by c 1— > (2c, 0). □ 

We can now prove Theorem IU.2I : 
Theorem 5.6. The hyperquadratic L-groups of A[x] for a 1-even A are given by 

' As ® A4[x] ® A2[xf i/n = 0(mod4) 



A2 


L^2N 



if n = l(mod 4) 
if n = 2(mod 4) 
if n = 3 (mod 4) 



M = 



(i) For n = Q 

.oAH ^ {Af e Sym2(ylM) I M - MXM £ Quad2(A[a;])} 

' 4Quad2(A[a;]) + {2(A^ + iV*) -4iV*X7V| e M2(yl[a;])} 

yln element M £ (5o(5'^^^'j represented by a matrix 

'a 6^ 

I e Syma^A^xjj (a = 

i=0 i=0 

with a — aQ,b, c £ 2A[x] . The isomorphism 

Qo(i?-^^"i,/3^^"i) L°{A[x]) = PiA[x],{2r) ; M ^ {Tm, Xm, fiM^UM) 

sends M to the Witt class of the nonsingular quadratic linking form {Tm, Xm, (J'm) 
over {A[x], (2)°°) with a lagrangian Um C Tj^i for {Ti^[,Xm) corresponding to the 
(—1)- quadratic (2)°° -formation over A[x] 



b\ ^ . ^ . 

^ € Sym2(A[a;]) (a =^ ajX^, c = CjX^ € A[x]) 

^ ^ — n 1" — n 



d{M) = {H_{A[x]*);A[x]\im 



I 

-2X I - XM 



A[x]* ^ A[x]*®A[x]^]) 



2/\ 
(gUni, with 

d : Qo(-B^'"l,/3^'"l) = L'>{A[x])^L^iiA[x]) ; Af ^ 9(Af ) . 
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The inverse isomorphism is defined by the linking Arf invariant H4.9(l . 
Writing 

2 A : A2[x] ^ A4[x] (B A^lx] ; d^{2d,2d) 
there are defined isomorphisms 

QoiB^^'-'l 13^^"=^) As ® cokeT{2A) ® A2[x] ® A2[x] ; 

M = 



1=0 i=0 i=0 j=0 k=0 k=0 



a 
c' 



ao 



coker(2A) ^ A4[a;]©v42N ; [d,e] ^ {d - e,d) . 

In particular M £ Qo{B^^''\ (3'^^''^) can be represented by a diagonal matrix 

(ii) For n = 1 

{N e M2{A[x]) \N + N* e 2Sym2(A[x]), ^{N + iV*) - N'^XN E Quads (yl[a;])} 

2M^{A\x\) 

and there is defined an isomorphism 

Qi(B^W,/3^W) Qi{B^,fi^) = A2; N = {^^ J) 

with 

d : Qi(S^H,/3^W) - = A2 Lo(A[a;]) ; 

(iii) For n — 2 

Q2{B^^''\ IS^^""^) = . 

(iv) For n — S 

^ Quad2(A[x]) + {Af-AfXA/|Af eSym2(yl[a;])} 
There is defined an isomorphism 

Q3(S-^["1,/3^["1) A2[x] ; 

(a' — a — , c' = c — 5^ e ^[x] , d a' + c'x = a + ex e ^2 N ) • 
The isomorphism 



is 
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sends M to the Witt class of the nonsingular quadratic form over A[x] 

with a lagrangian Lm — A[x]'^ © C Km for (Km, V'm — '4'm) ^E^j 

d : 03(i?^["l,/?^["l) = L%A[x]) ^ L2{A[x]) ; M ^ {Km,M ■ 

In particular M G Q3(B^[="1, /3^[^1) can be represented by a diagonal matri: 
The inverse isomorphism is defined by the generalized Arf invariant H3.4|l . 



Proof. ProDOsition l5.4l exDresses Q„ {B'^^^\ /3"^[^1) in terms of 2 x 2 matrices. We deal 
with the four cases separately. 

(i) Let n ~ 0. Proposition 15. 51 gives an exact sequence 

Qo{C{l),j{l))®Qo{C{x),j{x)) Qo{C{X),-f{X)) 

with 

C{x))^A2[x] ^ 

go(C(l),7(l)) ©Qo(C(a;),7(a;)) = {As ® A4x] ® A2[x]) © {Ai[x] ® A2[x]) ; 

x^((0,2c,0),(2c,0) 
so that there is defined an isomorphism 

coker(9) — © coker(2A) © A2[a;] © A2[a:] ; {s,t,u,v,w) ^ {s,[t,v],u,w) . 

We shall define an isomorphism Qo{C(X),'-f{X)) = coker(9) by constructing a split- 
ting map 

Qo{C{X),j{Xj) ^ go(C(l),7(l)) ©Qo(C(x),7(x)) . 
An element in Qq{C{X),j(X)) is represented by a symmetric matrix 

M = (^^ Sym,iA[x]) 

such that 

^-^""'^ - [b-ab^bcx c-x) ^ Q--d2(AN) , 

so that 

a - -b^x , c-b^ - c^x e 2A[x\ . 

oo 

Given a = ^ a^a;* e A[a;] let 

i=0 

d = max{i ^ | a, ^ 2A} (= if a £ 2A[x]) 

so that a G A2[x] has degree d^ 0, 

{adf = aa^0eA2 

and a — a? & A2[x\ has degree 2d. Thus if & ^ G A2[x\ the degree of a — = b'^x G 
A2[x\ is both even and odd, so & G 2A[x\ and hence also a — a^, c — c^x G 2A[a:]. It 
follows from a(l — a) = G A2[x] that a = or 1 G A2[x], so a — oq G 2A[a;]. Similarly, 
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it follows from c(l — cx) = G A2[x] that c = £ A2[a;], so c e 2A[a;]. The matrices 
defined by 

^ ^ (o '''J^) ^ M,iA[x]) , M' = J^2)^Sym,iA[x]) 
are such that 

M + 2{N + iV*) - 4N*XN = M' e Sym^iAix]) 
and so M = M' G Qq{C{X),'^{X)). The explicit splitting map is given by 

Qo{C{X),-f{X)) ^ Qo(C(l), 7(1)) ® Qo{C{x),j{x)) ; M = M' ^{a,c- b") . 
The isomorphism 

Qo(C(X),7(X)) coker(a) ; M^{a,c-h'') 

may now be composed with the isomorphisms given in the proof of Proposition 15.51 
(i) 

Qo(C(l),7(l)) A^®Ai[x]®A2[x\ ■ 



oo oo 



1=0 1=0 j=0 k=0 



Qo{C{x),j{x)) ^ A4[x]®A2[x] ; 



OO OO 



E e,x' ^ e(2,+l)2.-l/2)x^ ^ (e2fc+i/2)a;'=) . 

i=0 i=0 j=0 fc=0 

(ii) Let n = l. UN = e M2{A[x]) represents an element N e gi(B'4[^l,/3'4[^l) 

N + N^ ^ (^2a^ ^+/) ^ 2Sym,(AN) , 

2^^ + ^^"^^^ ~ lv(& + c)/2 d )'\ah~^cdx b^ + d^x 

e Quad2(A[x]) 

then 

b + c , a - - c^x , d - - d^x £ 2A[x] . 
If d ^ 2A[x\ then the degree of d — d^x = E A2[x] is both even and odd, so that 
d e 2A[x] and hence 6, c £ 2A[x]. Thus a— G 2A[a:] and so (as above) a— oq G 2A[a;]. 
It follows that 

Qi(B^W,/3^M) = Qi(S^,/3-^) = A2 . 

(iii) Let n = 2. Q2(S^["'l , /J-^'"^!) = byEHl 

(iv) Let n = 3. Proposition 15. 51 gives an exact sequence 

^ Ho{C{l)®Ai.]C{x)) Q_i(C(l),7(l))©g-i(C(x),7(x)) ^Q3(C(X),7(X)) 

with 

d : ffo(C(l)®^[,]C(x)) -AaH ^ 

Q_i(C(l),7(l)) ©Q_i(C(a;),7(a;)) = [x] © [x] ; ch^ (ca;,c) , 
so that there is defined an isomorphism 

coker(9) — A2[x] ; {a,b) ^ a + bx . 
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We shall define an isomorphism Q^{C{X),"f{X)) = coker(9) by constructing a split- 
ting map 

Q3(C(X),7(X))^g_i(C(l),7(l))©Q-i(C(a;),7(x)) . 
a b 



For any M = ( ^ ^ ) ^ Sym2(A[a;]) the matrices 



^ = U j ' = ( ,.b2)eSyTa,{A[A) 
are such that 

M' = M + L- LXL e Sym2{A[x]) 
so M = M' e Q3{C{X),j{X)). The explicit splitting map is given by 

Q3{C{X),-f{X)) ^ Q_i(C(l),7(l))®Q-i(C(a;),7(a;)) ; M - M' ^ {a-b^x,c~b^) . 
The isomorphism 

Q3{C{X),j{X)) Q_i(C(l),7(l)) ; M ^ (a - b^x) + {c - b^)x = a + cx 

may now be composed with the isomorphism given in the proof of Proposition l5.5l (ii) 

Q_i(C(l),7(l)) - 



A2[x] ■ d = ^dy ^ do+Y^{^d^2i+l)2^)x^^^ 

i=0 j"=0 



j=0 



□ 



Remark 5.7. (i) Substituting the computation of (5*(i3^t^l, given by Theorem 

in the formula 



Q„+i(S^[^l,/3^[^l) - Q„+i(i?^/3^)®UNil„(Z) 
recovers the computations 

{0 if n EE 0,1 (mod 4) 

'l2[x\ ifn = 2(mod4) 

'Li[x\®'L2[xf if?i = 3(mod4) 

of Connolly and Ranicki ^U] and Connolly and Davis 0. 
(ii) The twisted quadratic Q-group 

Qo(S^f"',/3^'"l) = Z8®L_i(Z[2;]) = Z8©UNil3(Z) 
fits into a commutative braid of exact sequences 




L_i(Z[x]) 



L-^{'l[l/2][x])^0 



L°(Z[x]) = Z 



Lo(Z[a;],(2)-) 



L-i(^H) = 



io(Z[x])^Z L"(Z[l/2][a;]) = ZeZ2 LO(Z[x], (2)°°) = Z2 
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with Lo{Z[x],{2)°°) (resp. L^{Z[x], {2}°°}) the Witt group of nonsingular quadratic 
(resp. symmetric) linking forms over (Z[a;], (2)°°), and 



L0(Z[x],(2) 



Z2 ; (T,A)^nif \Z^^^]T\ 



The twisted quadratic Q-group Qo{B^^^^ , 0^^^'^ ) is thus the Witt group of nonsingular 
quadratic linking forms (T, A, /x) over (Z[x],(2)°°) with |Z T\ = 4™ for some 
TO ^ 0. (5o(-B^[^'l, /3^[^"1) can also be regarded as the Witt group of nonsingular qua- 
dratic linking forms (T, A, /i) over (2)°°) together with a lagrangian J7 C T for 
the symmetric linking form (T, A). The isomorphism class of any such quadruple 
(T, A, n; U) is an element cj) € Qo{B, (3). The chain bundle /3 is classified by a chain 
bundle map 

: (i?,/3)->(B^[^l,/3^[^l) 
and the Witt class is given by the linking Arf invariant 

{T,X,ii;U) = (/,x)%(<^) gQo(B^'"1,/3^'"1) = Zg © Z4N © ZaN^ 
(iii) Here is an explicit procedure obtaining the generalized linking Arf invariant 

for a nonsingular quadratic linking form (T, A./i) over (A[a;], (2)°°) together with a 
lagrangian J7 C T for the symmetric linking form (T, A) such that [U] = £ Ko{A[x]), 
for any 1-even ring A. 

Use a set of A[a;]-module generators {gi,g2, ■ ■ ■ ,gu} C f7 to obtain a f.g. free 
A[a;]-module resolution 



^ Bi 



d 



. 



Let {piiQi) G ^2(2;] ffi ^2(2:] be the unique elements such that 



and use arbitrary lifts {pi, qi) G A[x] © A[x] to define 
h = {Pif + x{qif G A[x] , 

P = {pi,P2,---,Pu) , q = (gi,g2,---,9«) G . 
The diagonal symmetric form on Bq 



(hi 
62 



yo 







buj 



e Sym(Bo) 



is such that 



d*^d G Quad(Bi) C Sym(Si) , 
and represents the chain bundle 

/? = ii\ueQ\B-*) = Hom^(C/,^0(Z2;4ar])) 



88 



MARKUS BANAGL AND ANDREW RANICKI 



The A [x] -module morphisms 
/o = Q : Bo = = A[x]®A[x]; (ai, 03, . . . , a„) ^ a,(K, g,) 

define a chain bundle map 

(/,0) : (i3,/3)^(i?-4M,/3^W) , 

with 

The (2)°°-torsion dual of U has f.g. free ^[xj-module resolution 

^ B° = A[a;]" ^ ^ . 

Lift a set of ^[x]-module generators {/ii, /i2, . . . , ft-u} C to obtain a basis for , 
and hence an identification B^ = A[xY . Also, lift these generators to elements 
{Til, . . . , /iu} C T, so that {gi,g2, ■ ■ ■ ,gu,hi,h2, ■ ■ ■ ,hu} C T is a set of A[a;]- 
module generators such that 

,-1 _ ^ ^ Hom^[i/2][,](So[l/2],i3i[l/2]) 



d = (A(.g,,/ij)) e 



Hom^rj,i(So,Si) 



Lift the symmetric u x u matrix {X{hi,hj)) with entries in ^[l/2][a;]/yl[a;] to a sym- 
metric form on the f.g. free A[l/2][x]-module B'^[l/2] = A[l/2][a;]" 

A = (Ay) eSym(Bi[l/2]) 

such that Xii G A[l/2][x] has image ii{hi) e A[l/2][a;]/2A[x]. Let cf) — {4)ij) be the 
symmetric form on i?° = A [a;]" defined by 

(t) = dAd* e Sym(B") C Sym(B°[l/2]) . 

Then T has a f.g. free A[a;]-module resolution 

d' 



and 



(|)^^ -^{(l^ijfbj e 2A[x\ . 
J = l 

The symmetric form on {Bq^^^)* — A[x] (B A[x] defined by 

{P {Pi,P2, ■ ■ ■ ,Pu),q^ ('71,92, ...,qu)eB°= A[x]") 
is of the type considered in the proof of Theorem 15.61 (i), with 

a - = b'^x , c - c^x = e , b G 2A[x\ . 
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The Witt class is 

(r,A,/x;[/) = (/,O)%(0) 

- {l c) = (o °)eOo(i3^'^l,/3^[^l)(c' = c-6^), 

with isomorphisms 

go(B^["l,/3^["l) ^8 ® coker(2A) ® ® ; 

q\ oo oo oo oo 

n ^0 ^ (ao, [E(E a(2i+i)2:'72)x% E(E 0(2^+1)2:- -i/2)a:^*]: 

" ^ / i=0 j=0 i=0 j=0 

£(a2fe+2/2)a;^ g(4,+i/2)x'=) , 

fe=0 fc=0 

coker(2A) *- ^4[a;]©^2M ; «-] ^ {m — n,m) , 

where 

2 A : A2[x\ —f A4{x\ ® A^Xx] ; m ^ (2m, 2m) 
as in Theorem 15.61 and 

For Dedekind A the sphtting formula of fOj gives 

UNil3(A) Qo(S^'"l,/3^'"l)M8 - A4W®A2[x]3. 

□ 
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